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Lot  streaming  is  the  process  of  splitting  a job  or  lot  into  sublots  in  order  to  reduce 
its  makespan  on  a sequence  of  machines.  The  goal  in  the  lot  streaming  problem  is  to 
find  the  optimal  size  of  each  sublot  that  minimizes  the  makespan.  Here  the  makespan 
is  defined  as  the  time  the  last  sublot  completes  its  processing  on  the  last  machine. 
If  the  sizes  of  these  sublots  are  restricted  to  remain  the  same  on  all  machines,  the 
solution  is  called  a consistent  sublot  solution.  However,  if  the  sizes  of  the  sublots  are 
allowed  to  vary,  the  solution  is  referred  to  as  a nonconsistent  or  variable  sublot  solu- 
tion. Also,  if  the  machines  must  be  in  operation  continuously  from  the  first  to  the  last 
sublot,  the  solution  is  a no  idling  solution.  Finally,  if  the  machines  are  allowed  to  be 
idle  between  the  processing  of  sublots,  the  resultant  solution  is  an  intermittent  idling 
solution.  In  this  dissertation,  various  versions  and  formulations  of  the  lot  streaming 
problem  and  the  procedures  that  have  been  promulgated  to  solve  them  are  discussed. 
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In  particular,  algorithms  are  devised  for  the  consistent  and  inconsistent  versions  of 
the  problem  where  intermittent  idling  is  allowed.  Using  the  network  representation 
of  the  consistent  lot  streaming  problem,  0{m)  and  O(m^)  algorithms  are  devised  for 
the  2 and  3 sublot  versions  of  the  consistent  sublot  problem,  respectively,  where  m 
is  the  number  of  machines  in  the  problem.  Following  that,  the  O(m^)  algorithm  is 
generalized  for  the  m machine,  n sublot  consistent  sublot  problem.  The  complexity  of 
this  algorithm  is  0(m^  + mn).  Next,  two  versions  of  the  variable  sublot  problem  are 
formulated  as  non-linear  integer  programs.  In  one  version  of  the  problem,  a sublot  can 
only  be  re-sized  after  it  has  completed  its  processing  on  a machine.  A combinatorial 
heuristic  is  devised  for  this  problem.  In  the  other  version  of  the  problem,  a sublot  can 
be  re-sized  before  it  has  completed  its  processing  on  a machine.  A robust  0{m^  n) 
heuristic  algorithm  is  also  given  for  this  problem.  A branch  and  bound  procedure 
that  solves  both  versions  of  the  variable  sublot  problem  optimally  is  also  provided. 
Finally,  experimental  results  obtained  through  the  testing  of  these  algorithms  and 
heuristics  are  discussed.  The  test  problems  include  problems  with  4,  5,  10  and  20 
machines.  Also,  the  processing  times  of  the  machines  in  the  problems  are  uniformly 
distributed  over  either  10,  20,  50  or  100  time  units.  Experimental  results  show  that 
the  algorithms  and  heuristics  are  efficient  and  robust. 
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CHAPTER  1 
INTRODUCTION 


The  goal  of  many  manufacturers  is  to  produce  and  ship  quality  products  to  the 
customer  in  a cost-effective  and  timely  manner.  Over  the  years,  different  approaches 
have  been  advanced  as  methods  of  achieving  this  goal.  One  such  approach  is  Material 
Requirements  Planning  or  MRP.  MRP  determines  the  latest  start  date  for  a product 
based  on  its  due  date  and  on  the  processing  times  of  the  machines  that  are  utilized 
in  the  manufacture  of  the  product.  In  this  system  no  thought  is  given  to  splitting 
the  product  lot  or  job  into  sublots,  which  could  result  in  a reduction  of  the  makespan 
of  the  lot.  It  should  be  obvious  that  processing  the  entire  lot  as  a single  unit  can 
lead  to  large  Work  in  Progress  inventories  (WIP)  and  long  cycle  times.  In  situations 
like  these,  the  splitting  of  the  lot  into  smaller  sublots  could  allow  the  sublots  to  be 
processed  simultaneously  on  different  machines  thus  affecting  a possible  reduction  in 
WIP  and  cycle-time  or  makespan. 

Another  approach  that  has  been  advanced  as  a method  of  accomplishing  the  goals 
of  manufacturers  is  Group  Technology  (GT).  In  GT,  an  identification  of  families  of 
components  is  made  so  that  a group  of  machines  is  made  available  or  dedicated  only  to 
the  production  or  processing  of  that  family  of  components.  The  primary  motivation 
for  GT  is  the  reduction  of  setup  costs  that  are  incurred  during  the  transition  of 
production  from  one  component  or  product  type  to  another.  However,  the  use  of  GT 
to  reduce  setup  costs  does  not  preclude  the  use  of  other  techniques  that  may  result 
in  a reduction  of  cycle-time  and  WIP.  In  fact,  manufacturing  cells,  which  result  from 
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the  imposition  of  GT,  are  opportune  settings  in  which  lots  can  be  divided  into  sublots 
so  that  the  processing  or  production  of  these  sublots  can  be  achieved  simultaneously. 

Other  manufacturing  schemes  or  environments,  such  as  Just  In  Time  (JIT)  and 
Flexible  Manufacturing  Systems  (FMS),  have  also  been  used  to  accomplish  the  afore- 
mentioned goals.  The  goal  of  JIT  is  to  reduce  WIP  while  shipping  products  in  a 
timely  fashion.  Implicit  in  the  methodology  of  JIT  is  that  sublots  of  unit  sizes  pro- 
duce the  optimal  result.  However,  in  many  environments,  splitting  a lot  into  many 
unit  sized  sublots  may  not  be  feasible  or  may  be  prohibitive  because  of  transportation 
costs  between  processes.  In  this  context,  there  may  be  a need  to  find  the  sublot  sizes 
larger  than  unity  that  can  be  implemented  in  the  JIT  environment. 

In  each  of  the  contexts  mentioned  above  there  is  an  opportunity  to  apply  the 
concept  of  lot  streaming.  Lot  streaming  is  a term  used  to  describe  the  splitting  of  a job 
or  lot  into  sublots  or  transfer  batches  so  that  simultaneous  processing  of  the  sublots 
can  be  achieved.  This  simultaneous  processing  of  sublots  results  in  an  overlapping  of 
activities  on  various  machines,  which  in  turn  leads  to  reductions  in  WIP,  lead  times 
and  makespan.  The  motivation  for  investigating  lot  streaming  indeed  stems  from 
the  desire  of  many  to  reduce  WIP,  lead  times  and  makespan  in  their  manufacturing 
processes. 

In  the  basic  lot  streaming  problem,  it  is  assumed  that  there  is  a job  or  lot  of 
like  items  to  be  processed  in  a flow  shop.  The  flow  shop  consists  of  a sequence  of 
machines  with  predetermined  processing  times.  In  the  flow  shop,  the  lot  must  be 
processed  sequentially  by  each  machine.  Lot  streaming  is  accomplished  by  breaking 
or  dividing  the  lot  into  sublots  and  then  processing  these  sublots  sequentially  in  the 
flow  shop  so  that  more  than  one  machine  can  be  active  at  any  given  time  during  the 
processing  cycle.  One  goal  of  all  lot  streaming  models  is  to  determine  the  optimal 
size  of  each  sublot.  In  most  of  these  models,  the  number  of  sublots  into  which  the 
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lot  can  be  divided  is  predetermined.  However,  in  some  environments,  the  number 
of  sublots  is  determined  by  transportation  costs  or  by  budget  constraints.  In  these 
environments  there  is  not  only  the  need  to  find  the  optimal  sublot  sizes  but  also 
the  maximum  number  of  sublots  allowable  given  the  transportation  costs  and  budget 
constraints. 

1.1  Variations  of  the  Lot  StreaminE  Problem 

There  are  many  variations  of  the  basic  lot  streaming  problem.  These  variations 
result  from  the  use  of  different  criteria  that  are  chosen  to  fit  a given  environment. 
Some  of  the  criteria  that  alter  the  lot  streaming  problem  are  consistent  versus  non- 
consistent  or  variable  sublot  sizes,  no  idling  versus  intermittent  idling  of  machines 
and  discrete  versus  continuous  sublot  sizes.  In  the  following  sections  various  criteria 
of  the  basic  lot  streaming  problem  are  described. 

1.1.1  Consistent  vs  Variable  Sublot  Sizes 

The  specification  of  this  criterion  in  the  lot  streaming  problem  is  determined  by  the 
flexibility  of  the  environment  in  which  it  is  used.  In  rigid  manufacturing  environments 
it  may  not  be  cost  effective  to  change  the  size  of  the  sublots  after  processing  on  each 
machine.  In  fact,  even  one  change  in  the  size  of  the  sublots  may  be  prohibitive. 
Also,  the  lack  of  sublot  transport  of  varying  sizes  may  limit  the  number  of  times 
the  sublot  sizes  can  be  altered.  In  these  situations,  it  is  quite  reasonable  to  specify 
that  the  sublots  be  constant  or  consistent  over  all  the  machines  in  the  problem. 
However,  if  these  situations  are  not  a factor  in  the  manufacturing  environment,  it  is 
also  reasonable  to  allow  the  sublot  sizes  to  vary.  When  the  sublot  sizes  are  allowed  to 
vary,  the  “resizing”  of  the  sublots  can  be  constrained  to  occur  only  after  a sublot  has 
completed  its  processing,  alternatively,  or  the  resizing  can  occur  during  processing. 
As  an  intermediate  alternative,  the  maximum  number  of  times  the  sublot  sizes  is 
changed  can  be  specified.  This  allows  the  sublot  sizes  to  vary  but  not  to  the  point 
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where  they  would  be  disruptive  to  the  goals  of  the  manufacturers  in  their  particular 
environment. 

1.1.2  No  Idling  vs  Intermittent  Idling 

In  some  manufacturing  environments,  machines  must  run  continuously  or  without 
being  idle.  This  is  needed  in  environments  where  there  are  prohibitive  start-up  costs 
for  each  machine.  The  no  idling  criterion  specifies  whether  or  not  a machine  can 
be  idle  between  its  processing  of  sublots.  If  the  no  idling  criterion  is  specified,  each 
machine  must  process  the  entire  lot  continuously  without  any  breaks  in  processing. 
In  this  case,  once  a machine  has  completed  its  processing  on  a sublot,  it  must  com- 
mence processing  the  next  sublot  immediately.  However,  with  intermittent  idling  the 
situation  is  very  different.  A machine  can  be  idle  between  the  processing  of  sublots. 

1.1.3  Capacity  Limitations 

Also,  in  various  manufacturing  environments,  there  is  a need  to  restrict  the  sublot 
sizes.  This  results  from  sublot  transportation  mechanisms  of  limited  size.  It  could 
also  result  from  limited  capacity  of  the  machines.  Hence,  if  the  transportation  mech- 
anism or  the  machine  limits  the  sublot  sizes  that  are  available,  additional  constraints 
are  required:  contraints  that  places  bounds  on  the  sublot  sizes.  These  additional  con- 
straints may  alter  the  solution  and  the  solution  technique  used  to  solve  the  problem. 

1.1.4  Splitting  and  Recombining  Times 

Recombination  time  is  the  time  needed  to  recombine  or  reconstitute  a sublot. 
In  some  environments  where  variable  sublot  sizes  are  allowed,  the  time  needed  to 
recombine  the  sublots  may  not  be  negligible  compared  to  the  processing  times  of  the 
machines.  In  such  environments,  there  is  the  need  to  consider  the  effect  of  these 
delays  on  the  makespan.  In  these  environments  recombination  time  may  also  be  the 
time  needed  to  transport  a subdivided  sublot  to  another  machine  where  it  will  be 
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combined  with  another  sublot.  The  recombination  time  may  also  include  the  time 
needed  to  transfer  a subdivided  sublot  and  the  sublot  it  will  be  combined  with  into  a 
transport  mechanism  of  a larger  size.  Recombination  times  could  affect  the  number 
of  times  the  sublots  are  reconhgured.  This  is  because  the  recombination  time  is  a 
penalty  for  reconfiguring  the  sublot  sizes. 

In  the  variable  sublot  version  of  the  problem,  each  machine  could  have  its  own  re- 
combination time.  The  recombination  time  of  a particular  machine  would  be  charged 
or  added  to  the  makespan  only  if  sublots  are  recombined  or  reconfigured  on  that 
machine.  Note  that  this  variation  of  the  problem  does  not  apply  to  the  consistent 
sublot  problems  since  all  sublots  are  held  constant  across  all  machines. 

Splitting  times  are  analogous  to  recombining  times.  However,  now  the  delay  is 
due  to  the  splitting  of  the  sublots.  The  delay  may  result  from  the  sub-sublots  being 
removed  from  a sublot  and  placed  in  a transport  mechanism. 

1.1.5  Setup  Times 

Also,  some  environments  include  machines  that  must  be  setup  before  the  first 
sublot  can  be  processed.  Here,  the  setup  time  is  the  time  needed  to  setup  a machine 
before  the  first  sublot  must  be  processed  on  that  machine.  In  this  case,  it  is  easy  to 
see  that  the  makespan  of  the  basic  problem  will  be  increased  by  at  least  the  setup 
time  on  the  first  machine  and  at  most  by  the  maximum  setup  time  of  all  machines. 
This  is  true  for  the  consistent  as  well  as  the  nonconsistent  or  variable  sublot  version 
of  the  problems. 

1.1.6  Discrete  vs  Continuous  Sublot  Sizes 

The  lot  streaming  problem  can  also  be  altered  by  specifying  that  the  sublot  sizes 
be  either  discrete  or  continuous.  The  ultimate  goal  of  most  lot  streaming  problems 
is  to  find  the  discrete  sized  sublots  into  which  the  original  lot  can  be  divided.  How- 
ever, solving  the  discrete  version  of  the  problem  tends  to  be  more  difficult  than  the 
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continuous  version.  Thus,  it  is  more  convenient  to  solve  the  continuous  version  of  the 
problem  and  then  use  these  solutions  as  approximations  to  the  discrete  version  of  the 
problem.  In  some  cases,  the  size  of  the  original  lot  may  be  large  enough  so  that  the 
solution  to  the  continuous  version  of  the  problem  may  be  very  close  to  the  optimal 
solution  of  the  discrete  version. 

1.2  Overview 

In  the  previous  sections,  various  criteria  that  result  in  modifications  to  the  basic  lot 
streaming  problem  are  given.  In  the  following  chapters,  formulations  of  lot  streaming 
problems  that  arise  from  the  modifications  to  the  basic  problem  are  given.  Solution 
techniques  for  these  lot  streaming  problems  are  discussed  and  methods  of  solving  them 
are  developed.  Chapter  2 is  a literature  survey  of  the  material  that  has  been  published 
in  the  area  of  lot  streaming.  In  Chapter  3,  the  consistent  sublot  lot  streaming  problem 
is  discussed  and  optimal  algorithms  provided  for  this  problem.  Next,  in  Chapter  4, 
two  versions  of  the  variable  sublot  problem  is  given.  In  one  version  of  the  problem, 
sublots  must  complete  their  processing  on  a machine  before  they  are  resplit  and 
recombined.  In  the  other  version  of  the  variable  sublot  problem,  there  is  no  need 
to  wait  for  an  entire  sublot  to  be  processed  on  a machine  before  a portion  of  that 
sublot  can  be  reconfigured  with  another  sublot  downstream.  Heuristic  procedures  for 
these  problems  are  also  provided.  In  Chapter  5,  computational  results  obtained  by 
testing  the  algorithms  and  heuristics  for  the  consistent  and  variable  sublot  problems 
are  discussed.  Finally,  in  Chapter  6,  a summary  of  results  provided  in  this  dissertation 
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CHAPTER  2 

REVIEW  OF  EXISTING  LOT  STREAMING  MODELS 


In  this  chapter,  a survey  of  the  literature  that  has  been  published  in  the  area  of 
lot  streaming  is  discussed.  Also,  a classification  scheme  that  facilitates  the  discussion 
of  the  various  lot  streaming  problems  is  outlined. 

2.1  Literature  Review 

The  concept  of  lot  streaming  has  been  gaining  more  attention  over  the  past  several 
years.  However,  the  notion  that  the  makespan  or  cycle-time  of  a lot  can  be  accelerated 
by  splitting  it  into  sublots  has  been  around  for  some  time  now.  Szendrovits  [13]  uses 
this  concept  to  calculate  the  economic  production  quantity  (EPQ).  He  shows  that 
the  use  of  subbatches  allows  operations  to  overlap,  which  results  in  a reduction  in  the 
manufacturing  cycle-time.  Goyal  [5]  extends  this  model  to  include  the  transportation 
times  of  subbatches  between  operations.  He  then  provides  a procedure  that  would 
not  only  give  the  optimal  manufacturing  cycle  time  and  minimum  inventory  holding 
cost,  but  also  the  optimal  number  of  subbatches  for  a given  transportation  cost. 
Szendrovits  [14]  then  provides  a simplified  method  of  solving  this  extended  model. 

Truscott  [19]  uses  the  concept  of  lot  streaming  to  minimize  the  cycle-time  of  a lot  in 
a multistage  manufacturing  system.  He  notes  that  the  use  of  sublots  can  have  positive 
effects  on  the  incurrence  of  fixed  and  carrying  costs  as  well  as  on  cycle-time.  In  the 
manufacturing  system  he  models,  there  is  one  lot  that  can  be  divided  and  that  must 
be  sent  through  a sequence  of  processes.  The  time  required  to  perform  each  process 
is  known.  He  considers  two  types  of  processes:  processes  whose  completion  times 
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are  proportional  to  the  lot  size  and  processes  whose  completion  times  are  invariant 
to  the  lot  size.  He  mentions  that  processes  such  as  inspection  and  machining  are 
proportional  to  the  lot  size  while  processes  such  as  setups  and  lot  transportation  are 
not.  In  his  model,  he  assumes  that  one  facility  is  available  for  each  process.  He  also 
specifies  that  the  processes  must  run  continuously.  That  is,  there  is  no  idling  allowed 
after  a process  begins.  Furthermore,  he  specifies  that  the  sublots  must  move  in  equal 
sized  sublots  between  the  processes.  Although  his  primary  objective  is  to  minimize 
the  completion  time  of  the  lot,  he  also  has  a secondary  objective,  which  is  to  minimize 
the  number  of  loads  between  processes.  In  his  model,  the  number  of  sublots  used  is 
also  specified.  Truscott  [19]  provides  an  algorithm  that  schedules  the  sublots  on  the 
multistage  system. 

Next,  Truscott  [20]  extends  his  model  to  include  constraints  on  the  transportation 
activities  between  processes.  He  considers  two  types  of  constraints  on  transporta- 
tion activities:  capacity  constraints  on  the  transport  equipment  and  transportation 
time  requirements  on  vehicles  between  processes.  Truscott  provides  algorithms  that 
schedule  the  sublots  so  that  the  additional  constraints  given  are  adhered. 

Baker  [1]  formulates  the  m-machine  consistent  sublot  lot  streaming  problem  as  an 
LP  problem.  This  formulation  naturally  applies  to  the  lot  streaming  problem  with 
continuous  variables.  Baker  [1]  provides  two  formulations:  one  using  completion  times 
of  the  sublots  as  decision  variables  and  another  using  the  idle  times  on  each  machine 
as  decision  variables.  He  then  specializes  the  second  formulation  to  the  2 machine 
consistent  sublot  lot  streaming  problem.  Using  this,  he  gives  a general  formula  for 
the  sublot  sizes  as  well  as  the  makespan  of  this  problem.  Next,  he  provides  formulas 
for  the  sublot  sizes  and  makespan  for  the  2 sublot-3  machine  consistent  sublot  lot 
streaming  problem  based  again  on  the  LP  formulations  that  he  provided.  Finally, 
Baker  [1]  gives  the  general  form  of  the  optimal  sublot  sizes  for  the  n sublot-2  machine, 


9 


consistent  sublot  lot  streaming  problem.  Again,  he  obtains  these  results  by  the  use 
of  the  LP  formulations. 

Baker  and  Pyke  [2]  provide  a very  good  heuristic  algorithm  for  the  2 sublot,  m 
machine,  consistent  sublot  lot  streaming  problem.  However,  although  it  is  a heuristic 
procedure,  it  finds  the  optimal  solution  to  many  of  the  problems  tested.  Baker  and 
Pyke  [2]  develop  their  algorithm  by  interpreting  the  problem  as  a network  problem 
where  the  objective  is  to  minimize  the  longest  path  in  the  network.  They  also  provide 
several  heuristics  for  the  n sublot,  m machine  version  of  the  problem. 

Subsequently,  Potts  and  Baker  [10]  show  that  an  optimal  solution  to  the  2 or  3 
machine  lot  streaming  problem  is  obtained  by  using  consistent  sublots.  Also,  they 
provide  a lemma  that  states  that  a lot  streaming  problem  and  its  inverse  are  equivalent 
(the  inverse  of  any  lot  streaming  problem  is  a problem  in  which  the  order  of  the 
machines  is  reversed).  They  also  compare  the  use  of  consistent  sublots  and  equal 
sublots  for  the  lot  streaming  problem  and  conclude  that  in  some  cases  the  equal 
sublot  policy  is  a good  one  to  follow.  Finally,  they  discuss  the  k job,  lot  streaming 
problem.  They  provide  several  sample  schedules  for  sample  flow  shops  and  discuss 
some  of  the  difficulties  involved  in  solving  such  a problem. 

Glass,  Gupta  and  Potts  [4]  study  the  consistent  sublot  lot  streaming  using  its  net- 
work representation.  They  provide  an  analysis  of  the  3 machine,  n sublot,  consistent 
sublet  lot  streaming  problem.  From  this  analysis  they  provide  a method  of  obtaining 
the  minimum  makespan  for  the  3 machine  consistent  sublot  problem  in  0(log(n)) 
time  where  n is  the  number  of  sublets  prescribed.  In  doing  this,  they  show  that, 
for  this  problem,  there  are  two  distinct  scenarios  that  occur.  These  scenarios  arise 
from  the  relative  sizes  of  the  processing  times  of  the  three  machines.  Based  on  these 
relative  processing  times,  they  provide  formulas  for  the  optimal  sublot  sizes  and  the 
optimal  makespan  of  the  problem. 
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Trietsch  and  Baker  [18]  provide  a summary  paper  that  describes  the  different 
lot  streaming  models  that  have  appeared  in  the  literature.  They  also  provide  a 
classihcation  scheme  that  facilitates  the  discussion  of  lot  streaming  problems.  Since 
the  classification  scheme  of  Trietsch  and  Baker  [18]  is  used  in  this  dissertation,  it  is 
provided  below. 

This  classification  scheme  is  based  on  the  various  criteria  outlined  previously.  It 
uses  the  following  notation  for  each  of  the  criteria  mentioned  previously: 

1.  specification  of  the  number  of  machines  - m, 

2.  consistency  of  the  sublots  - consistent  (C),  variable  (V),  equal  (E), 

3.  idling  - no  idling  allowed  (NI),  intermittent  idling  (II)  and 

4.  integrality  of  sublots  - continuous  sublot  sizes  (CV),  discrete  sublot  sizes  (DV). 

Therefore,  the  general  lot  streaming  problem  with  m machines,  variable  sublots, 
intermittent  idling  and  continuous  sublot  sizes  is  specified  as  m/V/II/CV.  Also,  the 
lot  streaming  problem  that  is  solved  by  Glass,  Gupta  and  Potts  [4]  and  mentioned 
previously  is  specified  as  3/C/II/CV. 

Trietsch  and  Baker  [18]  also  pi’ovide  solution  techniques  and  summaries  of  the  lot 
streaming  problems  that  have  been  solved  in  the  literature.  They  discuss  the  solutions 
of  the  2/C/Nl/CV  problem  by  Baker  and  Pyke  [2]  and  the  2/C/NI/DV  by  Trietsch 
[16].  They  mention  that  consistent  sublots  solve  the  2 machine  problems  optimally, 
but  variable  sublots  may  yield  better  solutions  to  many  problems  with  more  than 
2 machines.  They  also  give  a solution  technique  for  the  3/C/-/-  as  well  as  for  the 
3/V/II/-  problems.  Trietsch  and  Baker  [18]  also  mention  that  the  solution  technique 
for  the  m/V /NI/-  problem  is  solved  by  repeated  applications  of  the  solution  technique 
of  the  2/CV/-/-  problem. 
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2.2  Extended  Lot  Streaming  Classification  Scheme 

In  the  previous  section,  a classification  scheme  for  various  lot  streaming  problems 
is  given.  However,  this  scheme  will  not  adequately  classify  all  the  models  studied  in 
this  dissertation.  Because  of  this,  the  scheme  is  extended  as  follows: 

1.  specification  of  the  number  of  machines  - m, 

2.  consistency  of  the  sublots  - consistent  (C),  variable  (V),  equal  (E), 

3.  idling  - no  idling  allowed  (NI),  intermittent  idling  (II), 

4.  integrality  of  sublots  - continuous  sublot  sizes  (CV),  discrete  sublot  sizes  (DV), 

5.  number  of  sublots  - n 

6.  time  of  resizing  - resizing  of  sublots  during  processing  allowed  (RD),  resizing  of 
sublots  only  after  processing  has  been  completed  (RA). 

In  the  classification  scheme  above,  a specification  for  the  resizing  of  sublots  is 
given.  The  specification  RD  specifies  that  any  sublot  can  be  resized  during  its  pro- 
cessing on  any  machine.  This  means  that  a sublot  can  be  broken  into  sub-sublots 
and  the  sub-sublots  that  have  been  processed  sent  downstream  to  be  combined  with 
other  sublots  on  succeeding  machines.  The  other  specification,  RA,  specifies  that  the 
only  time  that  a sublot  can  be  subdivided  into  sub-sublots  is  after  the  entire  sublot 
has  completed  its  processing  on  any  given  machine.  Of  course,  these  specifications 
are  only  valid  for  the  variable  sublot  lot  streaming  problem.  In  the  consistent  sublot 
lot  streaming  problem  there  is  never  any  need  to  resize  the  sublots. 


CHAPTER  3 

THE  CONSISTENT  LOT  STREAMING  PROBLEM 


In  the  previous  chapter,  a brief  overview  of  the  work  that  has  been  published 
in  the  area  of  lot  streaming  is  given.  In  this  chapter,  the  continuous  version  of  the 
consistent  sublot  or  m/C/H/CV/n  lot  streaming  problem  is  discussed.  First,  the  for- 
mulation of  the  m/C/H/CV/n  lot  streaming  problem  is  provided  as  a linear  program. 
Following  that,  its  network  interpretation  is  given.  Next,  two  special  cases  of  the  prob- 
lem, namely  the  2/C/H/CV/n  and  3/C/H/CV/n  problems,  are  discussed.  Solution 
procedures  for  these  problems  are  also  presented.  The  solution  techniques  proposed 
by  Baker  and  Pyke  [2]  and  Williams  and  Tufekci  [21]  to  solve  the  m/C/H/CV/2  lot 
streaming  problem  are  then  provided.  Properties  of  these  solution  procedures  are  used 
to  develop  an  0{m^)  algorithm  for  the  m/C/H/CV/3  problem  and  an  0{m^  -|-  mn) 
algorithm  for  the  m/C/H/CV/n  lot  streaming  problem.  Also,  using  the  results  of 
Megiddo  [9],  an  0(m)  algorithm  is  provided  for  the  m/C/H/CV/2  problem. 

3.1  LP  Formulation  of  the  m/C/H/CV/n  Problem 

As  stated  before,  the  m/C/II/CV/n  lot  streaming  problem  is  one  where  there  is 
a desire  to  divide  a lot  into  sublots  in  order  to  reduce  the  processing  time  of  the 
entire  lot  on  a sequence  of  machines.  The  objective  is  to  find  the  sublot  sizes  that 
accomplishes  this  goal.  In  this  problem,  the  number  of  sublots  into  which  the  lot 
can  be  divided  is  specified  beforehand.  Baker  [1]  formulates  this  problem  as  a linear 
program.  In  his  formulation,  the  goal  is  to  find  the  minimum  value  of  T^n  that 
represents  the  completion  time  of  sublot  n,  the  last  sublot,  on  machine  m,  the  last 
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machine.  In  general,  Tij  is  the  completion  time  of  sublot  j on  machine  i.  The  number 
of  sublots  into  which  the  lot  can  be  subdivided  is  n,  while  the  number  of  machines  in 
the  problem  is  m.  Also,  Xj  represents  the  relative  size  of  sublot  j,  while  the  constant  p, 
represents  the  processing  time  of  the  entire  lot  on  machine  i.  Baker’s  linear  program 
for  the  ni/C/II/CV/n  problem  is  given  below. 

(Pi)  Minimize  Tmn 

s.t. 


(3.1)  X2 Xn  — \ 

(3.2)  Til  > 


(3.3) 

Tij  ^ Tij—\  -|-  PiXj 

f = 1,.. 

. , m 

j 

= 2,.. 

.,n 

(3.4) 

Tij  ^ T{^\^j  -j-  PiXj 

f = 2, . . 

. , m 

j 

= 1,.. 

,.,n 

(3.5) 

Tij  > 0 

f = l,.. 

. , m 

j 

= 1,.. 

.,n 

(3.6) 

Xj  > 0 

i = 

,.,n. 

The  first  constraint  ensures  that  the  sum  of  all  sublots  constitutes  one  lot.  (Each  Xj 
is  the  relative  size  of  the  sublot,  so  the  sum  of  all  the  Xj’s  must  be  equal  to  one.)  The 
second  constraint  prevents  the  completion  time  of  the  first  sublot  on  the  first  machine 
from  being  less  than  the  time  it  takes  to  process  the  first  sublot  on  the  that  machine. 
The  set  of  constraints  defined  by  Equation  (3.3)  prevents  sublot  j from  beginning  its 
processing  on  machine  i before  sublot  j — I has  completed  its  processing  on  machine 
i.  The  set  of  constraints  defined  by  Equation  (3.4)  restricts  sublot  j from  beginning 
its  processing  on  machine  i before  it  has  completed  its  processing  on  machine  f — 1. 
Of  course,  the  constraint  sets  defined  by  Equations  (3.5)  and  (3.6)  are  nonnegativity 
constraints  on  the  completion  times  and  relative  sizes  of  the  sublots.  Note  that  this 
LP  formulation  has  2mn  — m — n 2 constraints  and  n(m  + 1)  variables. 
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Baker  and  Pyke  [2]  show  that  the  constraints  in  this  LP  formulation  can  be  viewed 
as  precedence  relationships  in  an  activity  on  node  project  network.  The  network  repre- 
sentation of  the  problem  is  shown  in  Figure  3.1.  In  the  network,  node  (t,j)  represents 
the  completion  of  processing  of  sublot  j on  machine  i.  Also,  the  arcs  in  this  network 
represent  the  precedence  relationships  between  sublots  and  between  machines.  The 
arc  between  nodes  {i,j)  and  (i  4- 1,  j)  represents  the  precedence  relationship  between 
the  processing  of  sublot  j on  machines  i and  i 4-  1.  The  arc  between  nodes  {i,j)  and 
(bi  + 1)5  however,  represents  the  precedence  relationship  between  the  processing  of 
machine  i on  sublots  j and  i 4- 1-  Note  that  the  set  of  constraints  defined  by  Equation 
(3.3)  in  (PI)  imposes  the  horizontal  precedence  relationships,  while  the  set  of  con- 
straints defined  by  Equation  (3.4)  in  (PI)  imposes  the  vertical  precedence  constraints 
on  the  project  network.  In  the  network,  for  a given  set  of  sublot  sizes,  the  longest 
path  from  node  (1,1)  to  (m,  n)  represents  the  makespan  of  the  lot  streaming  problem. 
The  shortest  of  all  possible  longest  paths  is  defined  as  the  critical  path  of  the  network, 
and  its  length  is  the  solution  to  the  lot  streaming  problem. 

In  addition  to  these  interpretations  of  the  problem.  Baker  [1]  presents  an  alter- 
native LP  formulation.  In  this  formulation,  he  uses  the  idle  periods  of  the  machines 
as  decision  variables.  More  specifically,  in  the  formulation,  Z{j  is  the  idle  period  on 
machine  i preceding  its  processing  of  sublot  j.  Baker  [1]  observes  that  there  need  be 
no  idle  time  on  the  first  machine  and  defines  Zij  = 0 for  j = l,2,...,n.  He  also 
observes  that  the  first  sublot  does  not  have  to  be  delayed  on  any  machine;  thus  he 
set  Zii  = Xi{pi  4-  P2  + • • • 4-  Pi-i),  i = 2, ...  ,m.  He  then  formulates  the  problem  as 
given  below.  Again,  the  first  constraint  ensures  that  the  sum  of  all  sublots  constitutes 
one  unit  lot.  The  set  of  constraints  defined  by  Equation  (3.8)  ensures  that  the  idle 
time  of  machine  k immediately  before  it  processes  sublot  Xj  is  at  least  as  large  as 
the  difference  between  the  completion  time  of  sublot  j on  machine  k — I and  the 
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Figure  3.1.  Network  Representation  of  the  m/C/II/CV/n  Lot  Streaming  Problem 
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completion  time  of  sublot  j — 1 on  machine  k.  The  constraints  defined  by  Equations 
(3.9)  and  (3.10)  are  nonnegativity  constraints  on  the  idle  times  and  sublot  sizes.  This 
formulation  has  (mn  — n + 1)  constraints  and  mn  variables.  Obviously,  since  the 
problem  size  of  (P2)  is  smaller  than  (PI),  it  is  the  more  convenient  formulation  to 
use. 


(P2)  Min  Zml  + + • ■ • + 

s.t. 

(3.7)  = 1 

1.. ..,n 

2.. ..,m 

1.. ..,n 

1.. ..,m. 

1.. ..,n. 


l^h=l{^kh  - Zk-l,h)  + (Pk  - Pfc-l)  2^1=1  Xh  - Pk-lXj  > 0 i = 


(3.9)  Zk,>0 


(3.10)  Xj  > 0 


J 

k 


3.2  A Solution  Procedure  for  the  2/C/II/CV/n  Problem 

In  the  last  section,  two  LP  formulations  provided  by  Baker  [1]  for  the  m/C/II/CV /n 
lot  streaming  problem  are  presented.  Here,  the  solution  of  the  2/C/II/CV/n  lot 
streaming  problem  is  presented  and  discussed.  This  solution  of  the  2/C/II/CV/n 
problem  is  developed  by  utilizing  the  (P2)  formulation. 

For  the  2/C/II/CV/n  problem.  Baker  [1]  shows  that  optimal  makespan  is 


M*  = {l+p  + p^ + ...+  p")/(l  + p + ^ . . . + p-i) 
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and  the  optimal  sublot  sizes  are 

where  n is  the  number  of  sublots  and  p = pifp2i  where  pi  is  the  processing  time  of 
the  entire  lot  on  machine  i = 1,2.  In  order  to  prove  the  optimality  of  this  solution, 
Baker  [1]  first  shows  that  the  solution  given  above  is  feasible  to  (P2)  specialized  for 
the  2 machine  problem.  He  then  shows  that  there  is  a corresponding  dual  solution 
that  is  not  only  feasible  but  also  satisfies  complementary  slackness  and  results  in  a 
dual  objective  function  value  that  is  equal  to  the  primal  objective  function  value. 

Baker  [1]  also  makes  some  interesting  observations  about  the  solution  of  this  prob- 
lem. First,  he  notes  that  the  optimal  sublot  sizes  are  geometric.  Furthermore,  he  notes 
that  if  the  second  machine  is  faster  than  the  first  (has  a shorter  processing  time),  the 
sublot  sizes  are  decreasing  in  size;  however,  if  the  second  machine  is  the  slower  ma- 
chine, then  the  sublot  sizes  are  increasing  in  size.  He  also  notes  that  increasing  the 
number  of  sublots  reduces  the  makespan.  As  will  be  seen,  analogs  of  these  conditions 
hold  in  general  for  the  m/C/II/CV/n  problem. 

3.3  A Solution  Procedure  for  the  3/C/H/CV/n  Problem 

A solution  procedure  for  the  3/C/II/CV/n  lot  streaming  problem  is  given  by 
Glass,  Gupta,  and  Potts  [4].  In  developing  this  solution  procedure,  they  also  use 
the  network  representation  of  the  problem.  They  determine  the  general  form  of  the 
longest  or  critical  path  in  an  optimal  solution.  (Recall  that  the  smallest  of  all  longest 
paths  in  the  project  network  is  defined  as  the  critical  path.)  They  define  any  subpath 
of  the  critical  path  a critical  segment.  Next,  they  provide  the  following  corollary. 

Corollary  1 In  any  optimal  solution,  all  sublot  sizes  are  positive. 
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Then,  machine  i is  defined  as  critical  from  sublot  j (1  < j < n — 1)  in  the  project 
network  if  {i,j)  — {ij  + 1)  is  a critical  segment,  where  n is  the  number  of  sublots  in 
the  problem.  Next,  they  provide  the  following  theorem. 

Theorem  1 There  exists  a vector  of  sublot  sizes  for  which  the  project  network  contains 
at  least  two  critical  machines  from  sublot  j for  j = l,...,n  — 1. 

Using  these  results  they  prove  the  following  theorem  for  the  3/C/II/CV/n  problem. 

Theorem  2 fn  a network  of  optimal  sublot  sizes, 

• when  pI  < p^ps,  all  critical  paths  are  of  the  form  (1, 1) . . . (1,  j)  - (2,i)  - (3,  j)  - 
...  — (3,  n)  for  I < j < n, 

• when  P2  = P\Ps,  all  paths  in  the  network  are  critical, 

• when  p\  > p\p3,  for  some  sublot  k,  all  critical  paths  are  of  the  form  (l,l)...(l,j)  — 
(2,  j)  — ■ • . — (2, 1)  ~ (3,1)  — ...  — (3,  n)  for  1 < j < k < I < n. 

Using  this  theorem.  Glass,  Gupta  and  Potts  [4]  then  prove  the  following  theorems 
and  lemma  that  give  a procedure  for  finding  the  makespan  of  the  problem  as  well  as 
the  optimal  sublot  sizes. 

Theorem  3 For  the  case  pi  < piPs,  x is  vector  of  optimal  sublot  sizes  where 

Xj  = q^~^x\  for  1 < j < n, 
for  q = (p2+  pz)l(pi  + P2),  and 

”-l)/(g-l)  ffpi/p3, 
if  P\  = P3- 
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Using  this  theorem,  the  makespan  of  a 3 machine  problem  is  given  as 

P3  + (P3  - Pi )/(?”- 1)  ifpi^p3, 

M(x)  = 

y P3  + (pi  + P2)/n  if  Pi  ==  P3. 

Theorem  4 For  the  case  pi  > pips,  x is  vector  of  optimal  sublot  sizes  where 

ql~^Xk  for  1 < j < k, 
qi~^Xk  for  k < j < n, 

for  qi  = Pi/p2,?3  = P3/P2,  and 


(?f -!)/(«. -l)+(93"-‘«-l)/fe 


1 

Xk 


k-lF{qr’^^^-\)l{q3 


1) 


[q\-\)l{q,-l)+n-k 

\ 


1)-1  if  p-i^  ^ p2,  P2  P3, 
if  Pi  = P2,  P2  / P3, 
if  Pi  7^  P2,  P2  = P3- 


Although  Theorems  3 and  4 give  the  general  form  of  the  solution  when  pi  > pipz, 
there  is  still  a need  to  determine  A;,  the  crossover  sublot,  in  order  to  find  the  optimal 
sublot  sizes  and  the  makespan.  Glass,  Gupta  and  Potts  [4]  provide  the  following 
lemma  and  theorem,  that  lead  to  a method  of  determining  the  crossover  sublot  k. 

Lemma  1 When  pi  > pipa,  Af(x^)  > M(x^+i)  for  1 < k < k*  ~ I,  M(x**)  < 
Af(x*^  +1),  M(x^)  < for  A:*  + l < k < n — 1.  Furthermore,  M(x*^'^^)  — 

Af(x^)  has  the  same  sign  as  S{k)  for  I < k < n — 1,  where 


(Pi"'"^  - l)/(qi  - 1)  + - l)/(g3  - 1)  - 1 if  Pi  ^ P2,  P2  / P3 

k + 1 + (q3~^'^^  - 1)1  (93  - 1)  if  Pi  = P2,  P2  7^  P3 

- l)/{qi  - 1)  - (n  - A;  + 1)  if  p^  ^ p2,  p2  = ps, 


6{k)  = 
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and  qi  = pa/pi  and  qs  = P2/p3- 

Theorem  5 For  > pips,  the  value  of  k*  is  found  by  a bisection  search  in  O(log(n)) 
time. 

As  one  can  see,  the  optimal  sublot  sizes  can  be  found  in  0(n)  time.  However, 
in  the  case  where  pj  > pips,  0(log(n))  time  is  required  to  find  k and  0(n)  time  to 
compute  the  makespan. 

Also,  there  is  a proportional  relationship  between  the  sublot  sizes  in  this  three 
machine  problem  as  there  is  in  the  two  machine  problem.  In  the  two  machine  problem 
the  ratio  of  Xj/xj+i  is  pi/p2-  However,  in  the  three  machine  problem,  the  ratio  of 
Xijxi^i  is  (P2  + P3)/(Pi  + P2)  if  pI  < PiP3-  If  pj  > P1P3,  then  Xijxij^i  = pi/p2  for 
1 ^ i < ^ and  Xijxi.^1  = P2/P3  for  k < j < n where  k is  the  crossover  sublot.  This 
suggests  that  the  sublot  sizes  for  the  m/C/H/CV/n  lot  streaming  problem  for  m > 4 
will  be  proportional  to  one  another.  Consequently,  as  in  the  last  two  cases,  one  way 
of  solving  the  general  m/C/H/CV/n  problem  may  be  to  find  the  ratios  of  machine 
processing  times  that  determines  the  ratio  of  optimal  sublot  sizes. 

3.4  The  m/C/II/CV/2  Problem 

In  the  previous  sections,  the  lot  streaming  problem  was  discussed  where  the  num- 
ber of  machines  in  the  problem  is  fixed  and  the  number  of  sublots  is  variable.  In  this 
section,  the  m/C/II/CV/2  lot  streaming  is  discussed.  In  this  problem,  the  number 
of  sublots  is  fixed,  while  the  number  of  machines  is  variable. 

Several  solution  procedures  are  provided  for  this  problem.  Baker  and  Pyke  [2] 
propose  a solution  procedure  for  this  problem  that  is  suboptimal  when  certain  condi- 
tions are  violated.  However,  several  procedures  are  provided  here  to  solve  the  problem 
optimally.  These  algorithms  are  low  order  polynomial  algorithms. 


21 


3.4.1  Baker  and  Pyke’s  m/C/II/CV/2  Algorithm 

As  mentioned  previously,  several  solution  techniques  have  been  proposed  to  solve 
the  m/C/II/CV/2  lot  streaming  problem.  One  such  algorithm  is  given  by  Baker 
and  Pyke  [2].  In  their  paper,  they  analyze  the  lot  streaming  problem  as  a project 
network  problem  where  the  objective  is  to  minimize  the  longest  path  in  the  network.  A 
representation  of  this  network  is  given  in  Figure  3.2.  Using  the  network  interpretation 
of  the  problem,  they  seek  to  minimize  the  length  of  a longest  path  in  the  network 
over  all  possible  values.  (Note  that  the  specification  of  x\  determines  X2  in  the 
two  sublot  problems  since  X2  = \ — X\.)  They  find  that  associated  with  some  subset 
of  machine  indices  / there  is  a path  that  begins  at  node  (1,1),  goes  to  node  (f,  1), 
crosses  over  from  node  (f,  1)  to  (f,2)  and  then  continues  from  (4,2)  to  (m,2),  where 
i ^ I-  This  path  is  said  to  be  defined  by  the  index  i.  They  show  that  associated 
with  this  path  there  is  a range  of  values  for  X\  for  which  this  path  is  the  longest 
path  in  the  network.  They  also  show  how  to  find  the  upper  and  lower  bounds  on  the 
values  of  the  sublot  sizes  that  are  required  to  maintain  the  path  as  the  longest  path 
in  the  network.  Also,  they  provide  a method  of  choosing  the  X\  value  that  minimizes 
the  path  defined  by  machine  index  i.  However,  instead  of  suggesting  searches  over  all 
possible  longest  paths  in  the  network  to  find  the  one  that  yields  the  shortest  makespan 
with  a judicious  choice  of  Xi,  they  state  that  the  path  defined  by  the  machine  with 
the  largest  or  longest  processing  time  is  always  the  path  that  defines  the  optimal 
makespan.  In  other  words,  they  claim  that  the  critical  path  in  the  network  crosses 
over  from  the  first  column  of  nodes  to  the  second  at  the  machine  with  the  largest 
processing  time.  Thus,  they  devise  an  algorithm  that  chooses  the  path  defined  by  the 
machine  with  the  longest  processing  time  as  the  critical  path  and  then  picks  the  Xi 
value  that  minimizes  this  path.  However,  although  this  path  is  indeed  a longest  path. 
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problems  do  exist  where  this  path  is  not  the  critical  path.  Because  of  this,  Baker  and 
Pyke’s  algorithm  is  suboptimal  under  certain  conditions. 

In  their  analysis  of  the  m/C/II/CV/2  consistent  sublot  lot  streaming  problem, 
Baker  and  Pyke  [2]  show  that  the  length  of  the  longest  path  in  the  network  representa- 
tion of  the  problem  is  given  by  M = x\c.p-\-T{p,  m),  where  p is  a machine  index,  T{i,j) 
is  the  sum  of  the  processing  times  of  machines  i through  j,  Ci  = T{l,i  — l)  — T{i+l,m), 
is  the  size  of  the  first  sublot  and  m is  the  index  of  the  last  machine  in  the  prob- 
lem; furthermore,  T{i,j)  = 0 if  j < i.  This  longest  path  is  the  makespan  in  the  lot 
streaming  problem.  This  path  is  dehned  by  machine  p since  it  starts  at  node  (1,1), 
goes  through  nodes  (2,1),  (3,1),  . . . and  (p,l),  crosses  to  node  (p,2),  then  goes  through 
nodes  [p-\- 1,2),  . . . , (m  — 2, 2)  and  (m  — 1,2)  before  finally  ending  at  node  (m,2)  (See 
Figure  3.2).  Baker  and  Pyke  [2]  also  give  bounds  on  the  value  of  x\  for  which  the 
path  defined  by  a machine  p is  the  longest  path  in  the  network.  This  bound  is 

T{hP-l)  ^ T{p,j-l) 

T{i,p-  1)  + T{i  + l,p)  - - T{p,j  - 1)  + T{p  -f  l,y) 

Vi  < p and  Vj  > p,  where  i and  j are  machine  indices.  From  this  bound,  only  those 
indices  that  satisfy 

T(i,p-1)  T(p,  7-1) 

?(i;F^TyTT(iTT:ri  - 

Vi  < p and  \/j  > p can  define  longest  paths  in  the  network.  Furthermore,  Baker  and 
Pyke  [2]  show  that  the  length  of  each  longest  path  is  minimized  by  choosing  x\  in  the 
following  manner:  if  Cp  < 0 set  x\  at  its  upper  bound,  if  Cp  > 0 set  Xi  at  its  lower 
bound.  Thus,  the  m/C/II/CV/2  lot  streaming  problem  can  be  solved  by  finding  the 
indices  that  define  longest  paths  in  the  network,  minimizing  the  lengths  of  the  paths 
defined  by  these  indices  and  then  choosing  the  smallest  of  these  paths  as  the  optimal 
makespan.  The  machine  that  defines  this  smallest  longest  path  is  called  a critical 
machine.  Hence,  machine  p is  called  a critical  machine  if  index  p satisfies  Equation 
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Figure  3.2.  Network  Representation  of  the  m/C/II/CV/2  Lot  Streaming  Problem 
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(3.11)  and  if  the  minimized  length  of  the  path  defined  by  machine  p is  shorter  than 
or  equal  to  the  minimized  length  of  any  other  longest  path  in  the  network.  Baker 
and  Pyke  [2]  also  show  that  there  are  at  least  two  such  paths,  and  thus  at  least  two 
critical  machines,  associated  with  every  instance  of  the  problem. 

In  their  paper,  Baker  and  Pyke  [2]  incorrectly  stated  that  the  machine  with  the 
largest  processing  time  is  always  a critical  machine.  If  this  statement  were  true, 
the  problem  is  reduced  to  finding  the  machine  i with  the  largest  processing  time  and 
then  calculating  the  required  values  of  Xi  and  M.  Using  the  preceding  analysis  and 
the  assumption  that  the  machine  with  the  largest  processing  time  is  a critical  ma- 
chine, Baker  and  Pyke  [2]  propose  the  following  algorithm  to  solve  the  m/C/II/CV/2 
consistent  sublot  lot  streaming  problem  optimally.  Recall  that  T{i,j)  is  the  sum  of 
processing  times  of  the  complete  lot  on  machines  i,  • , j.  Also,  xi  is  the  fraction 

of  the  first  sublot  and  m is  the  number  of  machines  in  the  problem  or  the  index  of 
the  last  machine. 

Baker  and  Pyke’s  m/C/II/CV/2  Consistent  Sublot  Algorithm 

1.  Find  a machine  with  the  largest  processing  time.  This  is  the  first  critical  ma- 
chine i. 

2.  Calculate  c,-  = T{1,  i — 1)  — T{i  4-  1,  m). 

3.  If  Ci  > 0 then  z = maXj<i  { f ’ otherwise  2 = min^>, 

4.  Let  Xi  = The  makespan  is  M = CjXi  + T’(^,  m). 

This  algorithm  can  be  performed  in  0{m)  operations.  In  their  paper.  Baker  and 
Pyke  [2]  incorrectly  claim  that  this  algorithm  is  an  optimal  algorithm.  However,  this 
algorithm,  it  turns  out,  finds  the  optimal  solution  only  if  machine  i,  found  in  Step  1 of 
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the  algorithm,  is  indeed  a critical  machine.  However,  as  we  will  show  below,  a machine 
with  the  largest  processing  time  is  not  necessarily  one  of  the  critical  machines.  This 
claim,  that  a machine  with  the  largest  processing  time  is  always  a critical  machine, 
stems  from  an  incorrect  theorem  given  in  Baker  and  Pyke  [2],  which  states  that  if  u 
and  V are  two  critical  machines,  then  max(t„,  t^)  > tj  Vj  = 1, 2, . . . , m where  ti  is  the 
processing  time  of  the  entire  lot  on  machine  i.  The  following  example  shows  that  this 
assertion  by  Baker  and  Pyke  [2]  is  not  necessarily  correct  for  all  m/C/II/CV/2  lot 
streaming  problems.  Baker  and  Pyke  [2]  further  claim  that  the  index  j that  yields 
the  2 value  in  Step  3 of  their  algorithm  identifies  machine  j as  a critical  machine. 
Again,  this  is  not  necessarily  the  case.  The  assertion  is  true  only  if  machine  i in  Step 
1 of  their  algorithm  is  a critical  machine. 

In  the  following  example,  the  machine  with  the  largest  processing  time  is  not  a 
critical  machine.  Let  ti  = 10,  t2  — 9,  = 7 and  <4  = 4 be  the  processing  times  of  a 

sequence  of  four  machines.  This  sequence  is  shown  in  Figure  3.3.  Using  Baker  and 
Pyke’s  algorithm,  machine  1 is  defined  as  a critical  machine,  resulting  in  machine  2 
being  defined  as  another  critical  machine,  with  = 10/19,  X2  = 9/19  and  a makespan 
of  19.4737.  The  schedule  of  this  solution  is  given  in  Figure  3.4.  However,  if  we  set 
x\  = 9/16  and  x'2  = 7/16,  corresponding  to  machines  2 and  3 being  critical  machines, 
the  makespan  is  19.4375.  The  schedule  for  this  solution  in  provided  in  Figure  3.5. 
This  schedule  is  smaller  than  the  one  provided  by  Baker  and  Pyke’s  algorithm.  Hence, 
Baker  and  Pyke’s  algorithm  does  not  yield  the  optimal  makespan  for  this  problem. 

As  shown  above.  Baker  and  Pyke’s  algorithm,  which  is  henceforth  referred  to 
as  the  BfcP  algorithm,  does  not  always  yield  the  optimal  solution.  However,  in 
practice,  it  gives  very  good  results  in  0{m)  time.  In  fact,  in  many  instances,  it  yields 
the  optimal  solution.  Therefore,  any  optimal  algorithm  should  provide  the  optimal 
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Figure  3.3.  4 Machine  Problem 


Figure  3.4.  Schedule  of  the  Solution  Given  by  Baker  and  Pyke’s  Algorithm 


Figure  3.5.  Schedule  of  the  Optimal  Solution 
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solution  to  the  m/C/II/CV/2  consistent  sublot  lot  streaming  problem  in  a fairly  low 
order  polynomial  time  in  order  to  be  able  to  compete  with  this  heuristic. 

3.4.2  Greedy  Algorithms 

In  this  section,  the  network  structure  of  the  m/C/II/CV/2  consistent  sublot  lot 
streaming  problem  is  exploited  to  develop  optimal  polynomial  time  algorithms  for 
the  problem.  One  algorithm  is  developed  by  utilizing  an  alternative  LP  formulation. 
Two  others  are  developed  by  using  the  fact  that  the  B&P  algorithm  is  an  optimal 
algorithm  if  it  is  initialized  with  the  index  of  a critical  machine. 

One  algorithm  is  readily  developed  by  utilizing  the  fact  that  any  index  that  satis- 
fies Equation  3.11  defines  a longest  path  in  the  network.  After  Equation  3.11  is  used 
to  determine  which  machine  indices  define  longest  paths,  the  B&P  algorithm  can  be 
used  to  obtain  the  corresponding  value  and  makespan.  After  this  is  done,  the 
smallest  minimized  path  can  be  identified  as  the  optimal  makespan.  The  following 
algorithm  uses  this  outline  to  find  the  optimal  makespan. 

Algorithm  A 


Let  Mmin  = oo. 

FOR  p = 1 TO  m 

IF  index  p satisfies  Equation  3.11  THEN 

Let  i = pin  Step  1 of  the  B&P  algorithm.  Perform  Steps  2-4  of  the  B&P 
algorithm.  Let  M*  be  the  makespan  and  the  corresponding  x\  value 
be  Xi. 

IF  Af*  < Mmin  THEN  Mmin  = AT*  and  x\  = X{. 

ENDIF 


ENDFOR 


28 


The  complexity  of  this  algorithm  is  0{m^)  since  it  tests  each  index  to  ascertain 
which  ones  are  the  indices  of  possible  critical  machines.  Then  it  is  obvious  to  see  that 
Algorithm  A requires  the  computation  of  all  possible  X\  values  that  give  minimized 
longest  paths.  Thus,  this  algorithm  does  an  exhaustive  search  for  the  optimal  value  of 
xi.  This  is  true  even  for  the  problems  where  the  machine  with  the  largest  processing 
time  happens  to  be  a critical  machine,  in  which  case  the  B&P  algorithm  provides  the 
optimal  solution  in  0{m)  time. 

Although  Algorithm  A is  of  low  order  complexity,  one  can  do  better  by  exploiting 
the  special  structure  of  the  problem.  For  this.  Baker’s  alternative  LP  formulation 
of  the  consistent  sublot  lot  streaming  problem  is  used.  In  this  LP  model.  Baker  [1] 
prefers  to  use  the  idle  periods  of  each  machine  as  decision  variables.  Because  of  this 
the  objective  becomes  minimizing  the  sum  of  idle  times  on  the  last  machine.  Let  Zkj 
denote  the  idle  time  immediately  preceding  the  time  that  sublot  j begins  processing 
on  machine  k. 

This  formulation  for  the  m/C/II/CV/2  lot  streaming  problem  is  given  below,  as 
follows: 

(P3)  Min  Zml  + Zm2 

s.t. 

Xi+  X2  = 1 

-pk-iXi  + Zki  - Zk-i,i  >0  2 < 

{Pk  -Pk-l)xi  - Pk-lX2  + Ylh=li^kh  - Zk-l,h)  >0  2 < 

Zkl  > 0,  > 0 1 < 

Xi  > 0,  X2  > 0. 

Using  the  fact  that  X2  = 1 — Xj  and  Zki  — (pi  + ■ ■ ■ + pk-i)xi,  Baker  [1]  shows  that 


k < m 
k < m 
k < m 
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the  LP  problem  given  above  can  be  converted  into  the  following  problem, 

(P4)  Minimize  (pi  + \-  Pm-i)xi  + Zm 

s.t. 

(Pk  + Pk+i)xi  - Zk  + Zk+\  >pk 

> 0 \ < k < m 

X\  > 0. 


Now  some  properties  of  (-P4)  that  lead  to  the  derivation  of  another  optimal  algo- 
rithm are  stated. 


Properties  of  (P4) 


1.  The  optimal  value  function  of  (P4)  is  a piecewise  linear  convex  function  in  Xi. 

2.  For  a given  value  of  the  problem  has  an  interesting  network  flow  interpreta- 
tion that  resembles  a dynamic  lot  sizing  problem.  Consider  the  problem  when 
Xi  is  fixed, 


(P5)  Minimize  Zm  + K 

s.t. 


22  > ri 

~Zj  + > Vj  2 < j < m — I 

Zj  > 0 2 < j < m, 

where  rj  = pj  — (pj  +pj.^i)xi,  K = (pi hPrn-i)a;i  is  a constant  and  where 


Z\  — 0.  It  is  clear  that  each  column  of  (P5)  has  at  most  two  nonzero  entries  with 
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a +1  and  a —1  being  these  two  entries.  Moreover,  the  coefficient  matrix  is  lower 
triangular,  indicating  that  the  corresponding  network  is  a tree.  Furthermore,  if 
we  associate  a node  with  each  constraint  of  ( P5)  and  an  arc  with  each  variable 
Zj,  the  resultant  network  is  represented  by  a very  special  network,  a directed 
path.  This  network  is  shown  in  Figure  3.6. 

Now  consider  the  P6  formulation  where  surplus  variables  are  added  to  each  con- 
straint. 


(P6)  Minimize  Zm 
s.t. 

Z2-  sx  = ri 

—Zj  + — Sj  = rj  2 < j < m — 1 

> 0 2 < j < m. 

Depending  upon  the  sign  of  Cj,  node  j is  either  a supply  node,  if  rj  > 0,  or  a demand 
node,  if  rj  < 0.  If  Vj  = 0,  the  node  is  a transshipment  node.  Now  each  surplus 
variable  Sj  can  be  viewed  as  an  arc  coming  from  nowhere  and  entering  node  j.  Also, 
note  that  z^  is  represented  by  an  arc  leaving  node  m — 1 and  going  nowhere.  This 
illustration  is  given  in  Figure  3.7.  The  flow  conservation  equation  associated  with 
node  j is  then 

^i+i  = ’’'j  + 

The  following  lemma  provides  a basis  for  the  algorithm  to  be  proposed. 

Lemma  2 In  (P6).  the  optimal  decision  at  node  j for  given  valves  of  r*  and  z*  is 
Zj+I  ~ max{0,rj  + z*)  and  s*  = max(0,  —(z*  + r*)). 


31 


Figure  3.6.  Directed  Path 
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^2 


Figure  3.7.  Network  of  P6 
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Proof:  In  (-P6),  let  < 0.  In  order  to  minimize  2^,  = 0 since  zj  > 0 

for  allj.  Then  =|  + \ . Now,  suppose  > 0.  In  this  case,  set 

•^m-i  0 since  increasing  would  only  increase  z'*^.  Then  z*^  = r'^_-^  + z^_^.  Since 

r^_2  is  a constant  and  is  a slack  variable  used  to  balance  the  node  m — 1,  the 
only  way  to  minimize  is  to  minimize  z^_2-  To  minimize  apply  the  argument 
above  for  z^  to  This  can  be  carried  on  out  for  each  index  so  that  in  general, 

Zj+i  = max(0,  r*  + zj)  and  s*  = max(0,  -(r*  + z*)).  □ 

The  following  corollary  as  an  immediate  consequence  of  Lemma  2. 

Corollary  2 An  optimal  decision  at  node  1 can  be  given  as  zj  = max{0,ri),  sj  = 
max{0,  — Ti). 

As  an  immediate  consequence  of  Lemma  2 and  Corollary  2,  a greedy  optimal  solution 
for  (P5)  can  be  obtained  by  computing  the  optimal  values  of  zj,zj,...,  and  z^  in 
that  order.  The  following  algorithm  accomplishes  this. 

A GREEDY  TOP  DOWN  ALGORITHM  FOR  (P5) 

INPUT  m,  pi, . . .,p^,Xi. 

LET  zj  = 0 and  Pm+i  = 0. 

FOR  i = 1 TO  m - 1 
COMPUTE  Vj  = pj  — {pj  + pj^i)xi. 

COMPUTE  Q = r^  + z*. 

IF  Q < 0 THEN 

SET  z*^_j  = 0 and  s*  = —Q. 

ELSE 

SET  zj^_j  = Q and  s*  = 0. 

ENDIF 


ENDFOR 
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An  0{Km)  algorithm  which  comes  within  of  the  true  value  of  a;i  in  2K 

applications  of  the  GREEDY  Algorithm  is  provided.  Since  the  objective  function  in 
(P4)  is  a piece-wise  linear  convex  function,  a bisection  search  over  the  interval  for 
which  the  problem  is  defined  can  be  done  to  find  the  x\  value  that  minimizes  the 
objective  function.  It  is  also  known  that  0 < < 1,  so  the  process  can  be  started 

with  xi  = 1/2  and,  at  each  iteration,  reduce,  by  1/2,  the  interval  that  is  known  to 
contain  the  optimal  value  of  Xi.  The  algorithm  is  given  below. 

BISECTION  ALGORITHM 

INPUT  m,  pi,...,prn,K. 

LET  1 = 0 and  u = 1. 

FOR  i = 1 TO  K 
Xm  — T 

fl  = GREEDY{m,pi,. . .,p^,Xm  - 
fr  = GREEDY  {m,p,,.  ..,Pm^x^E 
IF  fl  < fr  THEN 

U — ^rn 

ELSE 

^ 

ENDIF 

ENDFOR 

It  is  fairly  easy  to  see  that  GREEDY  is  an  0{m)  algorithm.  Since  the  Bisection 
Algorithm  calls  GREEDY  2K  times,  it  is  an  0{Km)  algorithm.  In  order  to  come 
within  1%  of  the  optimal  value  of  Xi,  the  Bisection  Algorithm  must  make  12  calls 
to  GREEDY.  Again,  the  B&P  Algorithm  solves  the  problem  in  less  operations  if 
the  machine  with  the  largest  time  happens  to  be  a critical  machine.  However,  the 


34 


Bisection  Algorithm  always  provides,  in  a set  number  of  iterations,  an  answer  within 
a given  tolerance  of  the  optimal  solution  to  the  m/C/II/CV/2  lot  streaming  problem. 

3.4.3  An  OiTm?)  Algorithm 

In  the  previous  sections,  polynomial  time  algorithms  that  solve  the  m/C/II/CV/2 
consistent  sublot  lot  streaming  problem  are  discussed  Also,  it  is  shown  that  each 
algorithm  has  some  limitations.  In  particular,  it  is  shown  that  the  B&P  Algorithm, 
while  it  is  a 0{m)  procedure,  it  is  a heuristic.  Moreover,  it  is  shown  that  Algorithm  A 
solves  the  problem  in  0{w?)  time,  even  for  the  problems  which  the  B&P  Algorithm 
solves  optimally  in  0{m)  time.  Furthermore,  the  Bisection  Algorithm  requires  12 
applications  of  GREEDY  to  come  within  1%  of  the  optimal  solution,  while  the  B&P 
Algorithm  can  solve,  in  some  cases,  the  same  problems  optimally  in  0{m)  time. 

In  this  section,  an  algorithm,  not  unlike  the  B&P  Algorithm,  which,  in  many  cases, 
requires  less  operations  to  solve  the  m/C/II/CV/2  consistent  sublot  lot  streaming 
problem  than  Algorithm  A and  the  Bisection  Algorithm  is  provided.  It  is  shown  that 
it  is  an  optimal  algorithm.  However,  we  show  that  this  algorithm  has  a less  than 
desirable  rate  of  convergence  for  certain  m/C/II/CV/2  lot  streaming  problems.  We 
also  show  that  it  is  possible  to  predict  when  this  algorithm  has  a less  than  desirable 
rate  of  convergence.  From  this,  it  may  be  possible  to  choose  the  algorithm  that  solves 
a given  lot  streaming  problem  in  the  least  amount  of  operations.  Before  this  is  done, 
a few  definitions  that  facilitate  the  discussion  of  this  algorithm  must  be  made.  Using 
these  definitions,  several  lemmas  that  aid  in  the  development  of  an  optimal  algorithm 
for  the  m/C/II/CV/2  consistent  sublot  lot  streaming  problem  are  stated. 


Definition  1 Machine  index  p is  a feasible  index  if  z exists  such  that 


T{i  + l,p)  - ^ - T{p+  l,j) 


i <p<j 


where  i and  j are  machine  indices. 
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Definition  2 Machine  p points  to  machine  q,  or  p q,  if 

. fT{p,k-l)\  T{p,q-1) 

P<k  \T{p+l,k)  j T{p+l,q) 


or 


min 

k<p 


[T{k,p-1)] 
\T{k  + l,p)j 


T{q,p-  1) 

T{q+l,p) 


Note  that  if  index  ja  is  a feasible  index,  then  machine  p is  a candidate  to  be  a 
critical  machine.  Also,  if  the  index  p is  a feasible  index,  then  the  path  defined  by  the 
index  p is  a longest  path  in  the  network.  Given  these  definitions  and  observations, 
several  lemmas  which  pertain  to  the  m/C/II/CV/2  consistent  sublot  lot  streaming 
problem  can  be  given.  These  lemmas  are  used  to  develop  an  optimal  lot  streaming 
algorithm.  The  proof  of  these  lemmas  are  provided  in  Appendix  A. 

Lemma  3 If  index  p is  a feasible  index  such  that  p ^ q,  then  index  q is  a feasible 
index. 

Lemma  4 Let  index  p be  a feasible  index  such  that  p ^ q,  then  no  index],  p < j < q 
for  p<q,orq<j<p  for  q < p can  be  a feasible  index. 

Lemma  5 If  index  p is  a feasible  index  such  that  p —>■  q,  then  q p. 

Lemmas  3 and  4 are  extremely  important  since  they  suggest  a systematic  way  of 
searching  for  a critical  machine.  Lemma  3 states  that  if  one  feasible  index  can  be 
found,  then  another  feasible  index  can  be  found  as  well.  From  this  lemma,  given  an 
initial  feasible  index,  it  may  be  possible  to  generate  a sequence  of  feasible  machine 
indices  until  a feasible  index  whose  machine  is  critical  is  obtained.  However,  even 
if  such  a sequence  of  feasible  indices  can  be  generated,  we  need  to  know  that  this 
sequence  will  not  exclude  any  feasible  indices  between  the  initial  feasible  index  and 
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the  last  feasible  index  in  the  sequence.  Lemma  4 guarantees  that  this  will  not  occur. 
It  states  that,  no  index  between  a feasible  index  and  the  feasible  index  it  points  to 
can  be  a feasible  index. 

Once  we  begin  generating  this  sequence,  we  also  need  to  know  when  a feasible 
index,  whose  machine  is  critical,  or  a critical  feasible  index,  has  been  enumerated. 
Lemma  6 gives  a method  of  identifying  a critical  feasible  index.  Hence,  it  gives 
a termination  criteria  in  the  search  of  a critical  feasible  index.  In  fact,  it  gives  a 
necessary  and  sufficient  condition  for  a machine  with  a feasible  index  to  be  critical. 

Lemma  6 Let  index  p be  a feasible  index  such  that  p ^ q,  then  CpCg  < 0 if  and  only 
if  machine  p is  a critical  machine. 

Lemmas  3-6  assure  the  existence  of  a critical  feasible  index,  state  a necessary 
and  sufficient  condition  for  a feasible  index  to  be  the  index  of  a critical  machine  and 
guarantee  that  a sequence  of  feasible  indices  can  be  enumerated. 

Finally,  two  more  lemmas  are  provided.  These  two  lemmas  show  that  a particular 
machine  with  the  largest  processing  time  is  a feasible  index  that  prevents  some  feasible 
indices  from  being  critical  feasible  indices.  Hence,  these  lemmas  show  that  such  an 
index  is  a good  initial  guess  of  a feasible  index. 

Lemma  7 If  machine  p is  the  machine  with  the  largest  processing  time,  then  index  p 
is  a feasible  index. 

Lemma  8 Let  machine  p be  the  machine  with  the  largest  processing  time  such  that 
its  index  is  a feasible  index,  then  if  Cp  < 0 no  index  i,  i < p,  can  be  a feasible  critical 
index  or  if  Cp  > 0 no  index  i,  i > p,  can  be  a feasible  critical  index. 
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Using  these  lemmas,  the  following  algorithm  is  developed. 

Algorithm  D 

1.  Find  an  index  i such  that 

ti  > tj  Vj  < i 
ti  > tj  Vj  > i 

for  Ci  < 0,  or 

ti  > tj  Vj  > i 
ti  > tj  Vj  < i 

for  c,  > 0,  where  c,-  = T{l,i  — 1)  — T{i  + l,m).  Index  i is  the  initial  feasible 
index. 

2a.  If  Ci  < 0 then 

. fr(z,j-l)]  T{i,p-1) 

z = mm  < — r ^ f 

i>i  \T{i  + 1,j)  } T{z  + l,p) 

where  p,  p > is  the  smallest  index  for  which  the  equation  above  is  true.  Index 
p is  a feasible  index.  Calculate  Cp.  If  Cp  > 0 then  go  to  Step  3,  otherwise  set 
i = p and  repeat  Step  2a. 

2b.  If  Ci  > 0 then 

fr(j,i-l)]  T{p,i-1) 
j<t  \r(;  + lu)  / T{p+  l,^) 

where  p,  p < z,  is  the  largest  index  for  which  the  equation  above  is  true.  Index 
p is  a feasible  index.  Calculate  Cp.  If  Cp  < 0 then  go  to  Step  3,  otherwise  set 
i = p and  repeat  Step  2b. 

3.  Let  X = The  optimal  makespan  is  M — c,ar  -f  T{i,m). 

Using  the  lemmas  given  above,  it  is  possible  to  prove  the  following  theorem  that 
states  that  the  optimal  solution  to  any  m/C/II/CV/2  lot  streaming  problem  is  ob- 
tained using  Algorithm  D. 
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Theorem  6 Any  m/C/II/CV/2  lot  streaming  problem  can  be  solved  optimally  by 
Algorithm  D. 

Proof:  Let  1,2,  . . . ,m  — 1,  and  m be  the  machine  indices  of  any  m/C/II/CV/2  lot 
streaming  problem.  Let  index  i be  the  index  chosen  in  Step  1 of  Algorithm  D.  By 
Lemma  3,  index  i is  a feasible  index.  Furthermore,  by  Lemma  4,  no  index  j,  j < i 
{j  > i)  ii  Ci  <0  {ci  > 0)  can  be  a critical  feasible  index.  In  other  words,  no  machine 
i)  j < * (i  > i),  can  be  critical.  Let  C denote  this  set  of  indices.  Now  let  index  k be 
the  index  p chosen  in  Step  2a  (2b)  of  Algorithm  D.  Then,  by  Lemma  3,  index  k is 
also  a feasible  index.  Let  T be  the  set  of  indices  between  index  i and  k.  By  Lemma  4, 
no  index  in  T can  be  a feasible  index  so  they  can  not  be  feasible  critical  indices.  Now 
let  C = C U T.  Again,  no  index  in  C can  be  a critical  feasible  index.  If  CiCk  < 0, 
by  Lemma  6 index  i is  a critical  feasible  index  and  the  optimal  Xi  value  is  at  hand. 
If  not,  let  (7  = C U {z}  and  i = k.  Now  ^ is  still  a feasible  index.  Performing  Step 
2a  (2b)  again  results  in  new  k which  is  feasible  by  Lemma  3.  Also,  C again  can  be 
updated  with  indices  that  can  not  be  feasible  critical  indices.  This  process  continues 
until  CiCk  < 0.  This  eventually  occurs  > Ci,  z = 1, 2, . . . , m - 1,  and  eventually 
Ci  and  Ck  will  not  have  the  same  signs,  in  which  case  CiCk  < 0.  Then,  by  Lemma  6, 
index  i is  a critical  feasible  and  the  optimal  Xi  is  at  hand.  □ 

It  is  obvious  that  Algorithm  D is  an  extension  of  the  algorithm  given  by  Baker 
and  Pyke  [2].  In  fact,  each  iteration  of  Algorithm  D,  in  essence,  is  the  B&P  Algo- 
rithm. Basically,  Algorithm  D searches  for  a critical  machine  and  initializes  the  B&P 
Algorithm  with  the  index  of  a feasible  index.  Note  that  since  the  upper  bound  on  the 
number  of  times  Step  2a  or  2b  can  be  called  is  m/2,  Algorithm  D is  an  O(m^)  algo- 
rithm. Also,  although  this  algorithm  is  an  O(m^)  algorithm,  in  practice,  it  performs 
much  better.  As  shown  in  Section  5.1,  Algorithm  D requires  no  more  time  than  the 
other  algorithms  to  solve  the  test  problems  that  were  generated.  This  shows  that,  in 
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general,  Algorithm  D provides  solutions  as  quickly  as  the  Bisection  Algorithm  and  the 
B&P  Algorithm.  Although  Algorithms  A and  D are  0{m^)  algorithms,  Algorithm  D 
naturally  outperforms  Algorithm  A.  This  is  due  to  the  fact  that  Algorithm  A tests 
all  m indices  to  find  the  optimal  X\  while  m/2  is  an  upper  bound  on  the  number  of 
indices  Algorithm  D tests.  Note  that  when  Algorithm  D is  applied  to  the  problem 
given  in  Section  3.4.1,  index  1 is  identified  as  the  initial  feasible  index  and  machines 
2 and  3 are  correctly  identified  as  critical  machines. 


Figure  3.8.  Lot  Streaming  Problem  which  exhibits  the  worst  case  scenario 

Although  Algorithm  D is  an  optimal  algorithm  that  performs  very  well  on  many 
problems,  instances  of  the  problem  may  be  encountered  where  this  algorithm  requires 
almost  m/2  iterations  of  Step  2a  or  2b  to  converge  to  the  optimal  solution.  This  could 
be  a problem  for  large  values  of  m.  The  worst  case  scenario  is  one  in  which  the  initial 
feasible  index  does  not  prevent  any  indices  from  being  critical  feasible  indices,  and 
one  in  which  the  search  for  the  critical  feasible  index  identifies  every  index  between 
the  initial  feasible  index  and  the  critical  feasible  index  as  a feasible  index.  In  this 
situation.  Step  2a  or  2b  of  Algorithm  D will  be  repeated  g times  until  the  feasible 
critical  index  is  obtained,  where  g is  the  number  of  machines  or  machine  indices  from 
the  initial  feasible  to  a critical  feasible  index.  In  Figure  3.8,  a sequence  of  machines 
is  given  that  causes  Algorithm  D to  behave  as  mentioned  above.  In  particular,  when 
Algorithm  D is  applied  to  this  lot  streaming  problem,  each  index  between  the  initial 
feasible  index  and  the  critical  feasible  index  is  enumerated.  (A  detailed  solution  of 
this  type  of  problem  is  provided  below.)  In  fact,  any  lot  streaming  problem  of  the 
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form  given  in  Figure  3.9  may  require  many  iterations  of  Algorithm  D to  converge  to 
the  optimal  solution. 


r-2 


Figure  3.9.  Sequence  of  machines  with  monotonically  decreasing  Processing  Times 


When  Algorithm  D is  applied  to  the  problem  instance  in  Figure  3.8,  the  following 
sequence  of  steps  are  obtained.  Index  1 satisfies  all  the  requirements  of  an  initial 
feasible  index  so  set  ^ = 1.  Then  Ci  = —51.  Go  to  Step  2a  and  calculate  z. 


= mm 


12  23  33  42  50  57 


U 

n 


11’ 21’ 30’ 38’ 45’ 51, 

Now  p — 2 so  C2  = —28.  Thus  CiC2  > 0,  so  let  i = 2.  Now  repeat  Step  2a. 

11  21  30  38  451  11 


Now  p = 3 so  C3 


z = mm , , , , , 

10’ 19’ 27’ 34’ 40  J 10 

-7.  Thus  C2C3  > 0,  so  let  ^ = 3.  Repeat  Step  2a. 

10  19  27  341  10 


2 = mm 


9 ’ 17’ 24’ 30 


Now  p = 4 so  C4  = 12.  This  time  C3C4  < 0,  therefore  machines  3 and  4 are  critical 
machines  with  a;i  = ^ and  M = ^. 

However,  given  any  instance  of  the  m/C/II/CV/2  lot  streaming  problem,  an  upper 
bound  on  the  number  of  times  Step  2a  or  2b  of  Algorithm  D must  be  performed,  or, 
equivalently,  the  number  of  feasible  indices  obtained  before  the  critical  feasible  index 
is  identified,  can  be  obtained  rather  easily.  This  bound  can  be  found  by  using  the 
following  property  that  every  feasible  index  possesses. 


Property  1 If  index  p is  a feasible  index  such  that  p q then  > q if  p < q 

or  Vf  < q if  q < p. 
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Thus,  if  we  find  all  machine  indices  from  the  initial  feasible  index  to  a critical 
feasible  index  that  satisfies  this  property,  we  will  have  an  upper  bound  on  the  number 
of  feasible  indices  from  the  initial  feasible  index  to  a critical  feasible  index.  This  is  an 
upper  bound  since  all  machine  indices  which  satisfy  this  property  may  not  be  feasible. 
The  initial  feasible  index  can  be  located  as  prescribed  in  Step  1 of  Algorithm  D. 
However,  since  the  goal  is  to  find  a critical  feasible  index,  in  its  place  we  will  use  the 
index  j which  satisfies  the  property  above  and  the  following  inequality  CjCj  < 0,  where 
index  ^ is  the  initial  feasible  index.  This  last  inequality  is  the  termination  criteria  in 
Algorithm  D.  The  bound  can  then  be  obtained  from  the  following  algorithm. 

Algorithm  E 

( 1)  Let  index  i be  the  initial  feasible  index  as  calculated  in  Step  1 of  Algorithm  D. 

Set  g = 1.  Calculate  c,-.  If  c,  < 0 go  to  Step  2,  otherwise  go  to  Step  3. 

(2)  Find  the  index  j,  j > i,  such  that  C > tk  > j.  Set  g - g + I and  i = j. 

Calculate  C{.  If  Cj-  < 0 repeat  Step  2,  otherwise  go  to  Step  4. 

(3)  Find  the  index  j < i,  such  that  tj  > tk'ik  < j.  Set  g = g + 1 and  i = j. 

Calculate  c,.  If  Ci  > 0 repeat  Step  3,  otherwise  go  to  Step  4. 

(4)  The  upper  bound  is  g. 

From  this  bound,  we  will  know  a priori  the  maximum  number  of  0(m)  operations 
required  to  solve  the  m/C/lI/CV /2  consistent  sublot  lot  streaming  problem  optimally 
by  using  Algorithm  D.  So,  in  essence.  Algorithm  D is  a 0{gm)  algorithm  where 
g < m/2,  is  an  upper  bound  on  the  number  of  feasible  indices  encountered  in  solving 
the  problem  and  m is  the  number  of  machines  in  the  problem.  When  g is  near  its 
upper  bound,  m/2,  and  when  m is  large.  Algorithm  D may  need  to  perform  many 
iterations  to  obtain  the  optimal  solution.  Now,  given  a value  of  K in  the  Bisection 
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Algorithm  and  g in  Algorithm  D,  it  is  possible  to  determine  which  algorithm  solves 
the  problem  in  the  least  amount  of  operations.  Also,  note  that  Algorithm  E predicts 
that  Step  2a  or  2b  of  Algorithm  D will  have  to  be  performed  no  more  than  3 times 
to  solve  the  problem  given  in  Figure  3.8. 

3.4.4  The  m/C/II/CV/2  Problem  as  a 2- variable  LP  Problem 

In  the  previous  sections,  the  m/C/II/CV/2  lot  streaming  problem  is  represented 
as  an  activity  on  node  network.  Based  on  this  representation,  0{gm)  and  0{m?) 
algorithms  are  given  for  the  problem.  In  this  section,  the  m/C/II/CV/2  lot  stream- 
ing problem  is  formulated  as  a linear  program  containing  two  decision  variables 
and  m constraints.  Using  this  formulation,  an  0{m)  algorithm  is  provided  for  the 
m/C/II/CV/2  lot  streaming  problem. 

In  the  lot  streaming  problem,  the  objective  is  to  find  the  minimal  longest  path 
in  the  network  representation  of  the  problem  and  the  sublot  sizes  that  gives  this 
minimal  longest  path.  In  the  m/C/II/CV /2  problem,  there  are  m paths  in  its  network 
representation.  This  is  obvious  from  the  network  shown  in  Figure  3.2.  Each  of 
these  paths  is  defined  by  a crossover  node  (f,l),  where  i is  the  index  of  machine 
* — 1,2,  ...,m.  The  path  defined  by  node  (f,l)  starts  at  node  (1,1)  in  the  network 
and  traverses  the  nodes  k = 2, . . . , f,  and  then  crosses  over  to  the  second  column 

in  the  network  at  node  («,  1)  and  then  traverses  the  nodes  (^’,2),  k = ..  ,m.  The 

path  ends  at  node  (m,2).  The  length  of  the  path  defined  by  node  (z,  1)  is 

T(l,i)xi  + T{i,m)x2 

where  T{k,  1)  — Yli=k  Pii  k < I and  T{k,  1)  = 0 k > 1.  The  constant  p,  is  the  time 
required  to  process  the  entire  lot  on  machine  i and  xj  is  the  size  of  sublot  j,  j = 1,2. 
Since  the  sum  of  x^  and  X2  must  always  be  the  entire  lot,  X2  = I — Xi.  Because  of 
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this,  the  equation  for  the  length  of  the  path  defined  by  the  node  (i,  1)  is 

fi{xi)  = CiXi  + T{i,m) 

where  c,-  = ^(l,  t - 1)  - T(i  + 1 , m).  Obvionsly,  this  equation  is  a line  in  R^.  However, 
the  path  length  is  only  valid  or  defined  in  the  domain  0 < < 1.  (Henceforth,  Xi  is 

denoted  x.) 

For  a given  value  of  x,  the  size  of  sublot  1,  the  makespan  M{x)  of  the  m/C/H/CV/2 
lot  streaming  problem  is  the  longest  path  in  the  network  representation  and  is  ex- 
pressed as 

M[x)  = max  fi{x). 

Consequently,  the  makespan  of  the  m/C/II/CV/2  lot  streaming  problem  is  the  upper 
envelope  of  the  intersection  of  the  lines  CiX  + T{i,m),  i = 1, . . . , m,  in  and  is  a 
convex  function. 

For  the  m/C/II/CV/2  lot  streaming  problem  given  in  Figure  3.10,  where  the 
enclosed  numbers  indicate  the  processing  time  of  the  machines,  its  representation  as 
the  intersection  of  lines  in  is  shown  in  Figure  3.11. 


2 

1 

3 

2 

Machine  index: 

1 

2 

3 

4 

Figure  3.10.  4/C/II/CV/2  Lot  Streaming  Problem 

In  Figure  3.11,  it  is  obvious  that  the  size  of  sublot  1,  x,  that  gives  the  optimal 
makespan  must  occur  at  an  intersection  of  lines  that  represent  the  path  lengths  in  the 
network.  If  x is  not  set  at  an  intersection  of  the  lines,  it  is  possible  to  decrease  the 
makespan  by  moving  x in  the  direction  of  descent  of  the  function  for  the  makespan 
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Figure  3.11.  Representation  of  the  m/C/II/CV/2  Lot  Streaming  Problem  in 
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M{x).  Note  that  when  0 < x < 3/7,  the  length  of  the  longest  path  in  the  network  is 
— 6x  + 8.  This  longest  path  is  defined  by  node  (1, 1)  in  the  network.  When  3/7  < x < 
3/5,  the  length  of  the  longest  path  is  a: + 5.  This  longest  path  is  defined  by  node  (3, 1). 
Finally,  when  3/5  < a:  < 1,  the  length  of  the  longest  path  defined  by  the  node  (4, 1) 
is  6x  + 2.  In  Figure  3.11,  the  equation  for  the  path  length  defined  by  the  node  (2, 1) 
is  —3x  + 6 and,  as  is  evident,  this  line  is  not  on  the  upper  envelope  of  the  intersection 
of  the  lines  in  R^.  As  a result,  the  path  defined  by  node  (2, 1)  is  never  a longest  path 
in  the  network. 

Since  the  optimal  makespan  occurs  at  an  intersection  of  lines  on  the  upper  envelope 
of  the  function  for  the  makespan,  for  the  problem  in  Figure  3.10,  there  are  only  two 
candidates  for  the  optimal  size  of  sublot  1,  namely,  3/7  and  3/5.  The  optimal  size 
of  sublot  1 is  3/7  since  the  makespan  is  5.43  when  x — 3/7,  while  the  makespan  is 
5.6  when  x = 3/5.  In  this  example,  the  optimal  sublot  size  x = Sfl  occurs  at  the 
intersection  of  lines  with  slopes  that  do  not  posssess  the  same  sign.  In  fact,  the  slope 
of  the  line  to  the  left  of  x = 3/7  is  negative  while  the  slope  of  the  line  to  the  right  is 
positive.  This  makes  sense  since,  at  this  optimal  value  of  x,  increasing  or  decreasing 
X increases  the  makespan.  In  Figure  3.11,  when  x = 3/7,  increasing  x increases  the 
makespan  since  the  slope  of  the  line  that  represents  the  longest  path  in  the  region 
3/7  < a:  < 3/5  is  C3  = 1 > 0.  However,  decreasing  x also  increases  the  makespan  since 
the  slope  of  the  line  that  represents  the  longest  path  in  the  region  0<x<3/5is 
Cl  = —6  < 0.  Note  that  the  optimal  size  of  sublot  1 occurs  at  the  intersection  of  fi{x) 
and  fsix)  and  that  C1C3  < 0,  which  is  the  optimality  condition  for  Search  Algorithm 
m/C/II/CV/2. 

Now,  because  the  objective  in  solving  the  lot  streaming  problem  is  finding  the 
minimal  longest  path  and  the  sublot  sizes  that  give  the  minimal  longest  path,  the 
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optimal  makespan  M*  is 

M*  — min  max  fi{x). 

0<x<l  1=1, 

This  mini-max  problem  is  also  formulated  as  a linear  program  in  the  following  manner, 

(Ql)  Minimize  M 

s.t. 

M — CiX>T{i^m)  i = l,...,m 

Q<M 

0<x<l 

where  x is  the  size  of  sublot  1 and  M is  the  makespan  of  the  lot  streaming  problem. 
Obviously,  this  formulation,  unlike  the  one  given  in  Section  3.1  and  specialized  for  the 
m/C/II/CV/2  lot  streaming  problem,  contains  only  two  decision  variables:  x,  the  size 
of  sublot  1 and  M,  the  makespan  of  the  problem.  Also,  excluding  the  non-negativity 
constraints  and  the  simple  upper  bound  on  x,  the  formulation  contains  m constraints. 

As  shown  in  Megiddo  [9],  a linear  program  containing  only  two  decision  variables 
and  m constraints  is  solvable  in  Oim)  operations.  He  also  provides  a procedure  for 
solving  this  type  of  linear  program.  Then,  using  this  procedure,  the  m/C/II/CV/2 
lot  streaming  problem  is  solvable  in  0{m)  operations.  The  procedure  given  by 
Megiddo  [9]  to  solve  linear  programs  containing  two  decision  variables  is  modified 
for  the  m/C/II/CV/2  lot  streaming  problem  and  given  below.  First,  let  NUM{I) 
denote  the  number  of  elements  in  the  set  / and  let  c,-  = T{l,i  - 1)  - T{i  + l,m). 

Megiddo  m/C/II/CV/2 

0.  Letl={ii,i2  } be  the  set  of  machine  indices  in  the  lot  stream- 

ing problem.  If  m = 2,  go  to  step  7,  else  set  a;/,  = 0 and  xh  = 1. 
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1.  For  each  j G J = {l,3, . . . - l|  set 


Ci  — Ci 
O 0 + 1 


T{ij+i,m)  - T{ij,m) 


2.  For  each  j G J,  if  a^jj+i  > a;//,  then  update  J and  I as  J\{j]  and 
/\{^},  respectively,  where 


or  if  Xjj+i  < XL,  then  update  J and  I as  J\{j}  and  /\{^},  respec- 
tively, where 


3.  If  NUM{I)  = 2,  go  to  step  7, 

else  if  J = {0},  relabel  / = jii,  ^2, . . . , iNUM(i)]  and  go  to  step  1, 


4-  Let  K = {k  ^ I \ CkX  -f  T{k,  m)  > CiX  + T{i,  m),yi  G /}. 

Set  slopel  = minfcg/,f{cfc}  and  slope2  — maxA:gA'{c;t}. 

5.  If  (s/opel)(s/ope2)  < 0,  then  set  x*  = x 

and  set  M*  = maXjg/{ciX  -F  T{i,m)},  stop. 

6.  If  slopel  > 0,  then  set  xjj  — x and  for  each  j G J such  that  x^j^i  > x, 

update  I as  I\{k}  where 


else  set 


48 


If  slopel  < 0,  then  set  xi  = x and  for  each  j ^ J such  that  Xjj^i  < x, 
update  / as  /\{A:}  where 

tj  if  Cjj  <[ 

ij^i  otherwise. 

7.  Relabel  I = {*i,  *2,  • • • , • ff  NUM{I)  = 2,  the  optimal  size 

of  sublot  1 is 

. T(t2,m)  - T(ii,m) 

X — 

Cjj  C^2 

else  go  to  step  1. 

8.  The  optimal  makespan  is  M*  = Ci^x*  + T[i\,m). 

Megiddo  [9]  shows  that  this  algorithm  requires  0{m)  operations.  Also,  he  notes 
that  when  m < 4,  the  solution  of  linear  programs  containing  two  decision  variables 
is  readily  available.  As  a result,  the  solution  to  the  m/C/II/CV/2  lot  streaming 
problem  is  readily  available  when  m < 4.  In  particular,  when  m < 3,  only  one 
application  of  steps  1-7  of  the  algorithm  solves  the  problem,  while  when  m = 4,  at 
most  2 applications  of  steps  1-7  are  needed  to  solve  the  m/C/II/CV/2  lot  streaming 
problem. 

3.5  Solution  Procedures  for  the  m/C/II/CV/3  Problem 

In  the  last  section,  solution  procedures  for  the  m/C/II/CV/2  lot  streaming  prob- 
lem are  discussed.  In  this  section,  algorithms  for  the  m/C/II/CV/3  lot  streaming 
problem  are  devised.  The  development  of  these  algorithms  is  similar  to  the  devel- 
opment of  the  algorithms  for  the  m/C/II/CV/2  lot  streaming  problem.  However, 
this  development  is  not  as  straight  forward  since  the  specification  of  one  sublot  size 
does  not  automatically  lead  to  the  specification  of  the  other  two  sublot  sizes  in  the 
m/C/II/CV/3  lot  streaming  problem. 
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In  order  to  devise  these  algorithms,  the  network  representation  of  the  lot  stream- 
ing  problem,  as  well  as  properties  of  the  m/C/II/CV/2  lot  streaming  problem,  are 
utilized.  The  network  representation  of  the  m/C/II/CV/3  problem  is  shown  in  Fig- 
ure 3.12.  In  this  figure,  each  column  represents  the  processing  of  a sublot  on  machines 
1 through  m.  In  particular,  node  (i,s)  in  Figure  3.12  represents  the  completion  time 
of  sublot  5 = 1,2,3  on  machine  z = 1, . . . , m.  As  in  the  m/C/II/CV/2  problem,  for 
every  set  of  sublot  sizes,  there  exists  a longest  path  in  the  network.  The  length  of  this 
longest  path  is  the  makespan  of  the  lot  streaming  problem  for  that  set  of  sublot  sizes. 
The  goal  here,  as  in  the  m/C/II/CV/2  problem,  is  to  hnd  the  minimal  longest  path 
in  the  network,  as  well  as  the  sizes  of  the  3 sublots  that  gives  this  minimal  longest 
path.  In  Figure  3.12,  any  path  is  defined  by  two  machine  indices  i and  j,  i < j.  This 
path  begins  at  node  (1,1)  and  passes  through  nodes  {k,  1),  where  A;  = 1, . . . , F It  then 
crosses  over  from  the  first  column  at  node  (f,  1)  to  node  (f,2)  in  the  second  column. 
Next,  it  passes  through  nodes  {k,2),  where  k = i, ...  ,j.  It  then  crosses  over  from  the 
second  column  at  node  (j,2)  to  the  node  (/,  3)  in  the  third  column.  Finally,  it  passes 
through  nodes  (A;,  3),  A;  = j, . . . , m.  The  length  of  the  path  defined  by  indices  i and  j, 
i < i,  and  denoted  fij{xi,X2,Xs)  is 

fij{xi,X2,X3)  = T{l,i)xi  + T{iJ)x2  + T{j,m)x3, 

where  = Yli=iPk  if  * < j and  T{i,j)  = 0 \{  i > j.  The  constant  pk  is  the 

processing  time  of  the  entire  lot  on  machine  k.  Also,  xi,  X2  and  X3  are  the  sizes  of 
sublots  1,  2 and  3,  respectively. 

One  key  to  solving  this  problem  is  realizing  that  the  length  of  the  path  defined  by 
machine  indices  i and  j,  i < j,  is  the  makespan  of  the  lot  streaming  problem  if  this  path 
is  the  longest  in  the  network  when  sublot  sizes  of  Xi,  X2  and  X3  are  used.  Consequently, 
the  function  for  the  makespan  of  the  m/C/II/CV/3  lot  streaming  problem,  denoted 
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Figure  3.12.  Network  Representation  of  the  m/C/II/CV/3  Lot  Streaming  Problem 
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by  fM(xi,X2,X3),  is 

fM{xi,X2,X3)  = ma.xfij{xi,X2TX3), 
l<j 

where  i and  j are  machine  indices  that  define  the  cross  over  points  in  the  network 
lepresentation  of  the  problem.  Since  the  sum  of  the  three  sublot  sizes  must  be  the 
entire  lot,  this  function  is  defined  only  in  the  domain 

Xd  = {x  e + X2  + X3  = 1,0  < Xs  < l,s  = 1,2,3}  . 

Obviously,  /a/(xi,  ^2, 2:3)  is  the  upper  envelope  of  the  intersection  of  the  hyperplanes 
fij{xi,X2,  X3),  i < j,  in  the  domain  Xd-  This  domain  is  a convex  set  and  2^2,  X3) 

is  a convex  function  defined  over  the  set  Xd-  Using  these  observations,  the  optimal 
makespan  of  the  m/C/II/CV/3  lot  streaming  problem  is  expressed  as 

M*  = min  /M(a;i, X2, X3) 

or  as 

M*  = min  max/ij(xi, X2, X3). 

xeXo  i<j 

One  method  of  solving  the  m/C/II/CV/3  lot  streaming  problem  is  to  find  all 
longest  paths  in  the  network  representation  of  the  problem,  find  the  minimized  length 
of  these  longest  paths  along  with  the  sublot  sizes  that  give  these  minimized  path 
lengths  and,  lastly,  identify  the  shortest  of  these  minimized  longest  paths  as  the 
optimal  makespan.  This  corresponds  to  finding  all  index  pairs  i and  j,  i < j,  such 
that  /a/(xi,X2,X3)  = fij{xi,X2,X3)  for  some  set  of  sublot  sizes  Xi,  X2  and  X3,  and 
finding  the  sublot  sizes  for  which  this  is  true.  Once  the  index  pairs  have  been  located, 
this  also  corresponds  to  minimizing  each  /,j(xi,  X2,  X3)  over  the  set  of  sublot  sizes  for 
which  the  equation  2:2, X3)  = /p(xi,X2,X3)  is  valid,  and  choosing  the  smallest 

minimized  /y(xi,X2,X3)  as  the  optimal  makespan  and  the  sublot  sizes  that  gives  this 
minimized  value  as  the  optimal  sublot  sizes. 
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Theorem  7 given  below  provides  a first  step  in  finding  the  optimal  makespan.  It 
provides  necessary  conditions  for  two  machines  indices  to  define  longest  paths  in  the 
network.  As  shown  by  Theorem  7,  if  the  machine  indices  ^ and  1 < f j < m, 
define  a longest  path  in  the  network  representation  of  the  m/C/II/CV/3  lot  streaming 
problem  for  sublot  sizes  Xi,  X2  and  xs,  the  ratio  of  sublot  1 to  sublot  2,  or  Zi  = xi/x2, 
must  be  bounded  as 


T{h,i-1)  ^ ^ T{z,g-1) 

T{h  + l,i)  ~ ^ - T{i  + 1,^) 


(3.5) 


where  h — 1, . . . , i — 1 and  g = i + 1, . . . J.  Futhermore,  the  ratio  of  sublot  2 to  sublot 


3,  or  22  = X2fx;i,  must  be  bounded  as 


T{l,J-l)  ^ ^ T{j,k-1) 

T S •^2  S 


(3.6) 


where  / = i, . . . ,j  — \ and  k = j + l,...,m.  Also,  Theorem  7 indicates  that  if 
1 < i = j < m,  the  ratio  of  sublot  1 to  sublot  2,  or  Zi  = x\/x2i  must  be  bounded  as 


T{h,i-1) 

-TZ  < Zl 


(3.7) 


T[h  1,  i) 

where  ft  = 1, . . . , f - 1.  In  addition,  the  ratio  of  sublot  2 to  sublot  3,  22  = X2/X3,  must 
be  bounded  as 

T{j,k-1) 


Z2  < 


T(j  + 1,  ft) 


(3.8) 


where  ft  = j + 1, . . . , m. 


Theorem  7 If  the  indices  i and  j,  1 < i < j < m,  defines  a longest  path  in  the  network 

representation  of  the  m/C/II/CV/3  lot  streaming  problem  for  sublot  sizes  xi,  X2  and 

X3,  the  ratio  of  sublot  1 to  sublot  2,  z\  = xi/x2,  must  be  bounded  as 

T{h,i-1)  ^ T(i,g-l) 

T(h  + l,i)  - T(t  + Cg) 

where  ft  = 1, — 1 and  g = z -f  1, . . . and  the  ratio  of  sublot  2 to  sublot  3, 
Z2  — X2/x3^  must  be  bounded  as 

^ Tjj,k-1) 

t{1  + cj)  r(i  + i,ft) 
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where  I — i, . . . ,j  — 1 and  k — j . . . ,m.  Also,  ifl<i  = j<m,  the  ratio  of  sublot 
1 to  sublot  2,  Zi  = Xi/x2,  must  be  bounded  as 

T{h,i  - 1) 

T{h  + l,i) 

where  h — — 1,  and  the  ratio  of  sublot  2 to  sublot  3,  — x^/x-^,  must  be 

bounded  as 

z 

"-T{j  + l,k) 

where  k = j + 1, . . . ,m. 

Proof:  If  the  path  defined  by  indices  i and  j,  1 < i < j < m,  is  indeed  the  longest 
in  the  network  when  sublot  sizes  of  xi , X2  and  0:3  are  used,  the  following  inequalities 
must  be  satisfied; 

T{l,i)xi  + T{i,j)x2  + T{j,  m)xs  > T{l,i)xi  + T{i,  k)x2  + T{k,  m)xs  (3.9) 
for  A;  = 7 ■ + 1, . . . , m, 

T{\,i)xi  + T{i,j)x2  + T{j,m)x3  > T{1,  h)xi  + T{h,j)x2  + T{j,m)x3  (3.10) 

for  h = 1,2, ...  ,z  — 1.  Additionally,  if  the  path  defined  by  indices  i and  7,  1 < z < 
7 < m,  is  indeed  a longest  path  in  the  network  when  sublot  sizes  of  x\,  X2  and  X3  are 
used,  the  following  inequalities  must  be  satisfied; 

r(i,z)xi  + r(z',7)^2  + T{j,m)x3  > r(i,z>i  + r(z,o^2  + r(/,m)x3  (3.11) 

for  / = z, . . . , 7 — 1 and 

T{l,i)xi  + T{i,j)x2  + T{j,m)x3  > T{l,g)xi  + T{g,j)x2  + T{j,m)xz  (3.12) 

for  = z + 1, . . . ,7.  The  right  hand  side  of  Equations  3.9,  3.10,  3.11  and  3.12  represent 
the  lengths  of  alternate  paths  in  the  network.  The  left  hand  side  of  these  equations 
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is  the  length  of  the  path  defined  by  the  machine  indices  i and  j.  Simplifying  and 
rearranging  these  expressions  results  in  the  following  inequalities  that  give  bounds  on 


the  ratios  of  sublot  sizes, 
from  Equation  3.9 

^ < Tjj,k-  1) 

X3  - T{j  + l,k) 

from  Equation  3.10 

^ ^ T{h,i  - 1) 

X2  ~ T{h  + l,z) 

from  Equation  3.11 

£2  ^ T{l,j  - 1) 

X3  ~ T(l  + l,i) 

and,  from  Equation  3.12 

£i  ^ T[i,g  - 1) 

Using  these  equations  and  the  definitions 


for  ^ = J + 1, . . . ,m,  (3.13) 

for /j  = l,...,i  - 1,  (3.14) 

for / = - 1,  (3.15) 

for^f  = i + l,...,j.  (3.16) 


z\  = X\lx2  and  Z2  = X2/x3^  a set  of 
conditions  is  obtained  that  must  be  adhered  if  the  path  defined  by  machine  indices  i 
and  jr,  1 < i < j < m,  is  a longest  path  in  the  m/C/II/CV/3  network.  If  i < j,  these 
conditions  are  as  follows, 
from  Equations  3.14  and  3.16 


T{h,i~\)  ^ T{i,g-l) 

T[h  + l,i)  - T[i^l,g) 


(3.17) 


where  h — 1, . , ,,i  — 1 and  3 = r + 1, . . . , j,  and  from  Equations  3.13  and  3.15 


T(/+l,i)  T(i  + 1,A:) 


(3.18) 


where  / — z, . . . , ji  — 1 and  A’  — 4 + 1, . . . , m.  Moreover,  if  1 < i = 4 < m,  the  following 

conditions  are  as  follows,  from  Equation  3.14 

T{h,i-l)  ^ 

T(h+l,i) 


(3.19) 
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where  /i  — 1, . . . , i — 1,  and  from  Equation  3.13 


"-T(j+l,k) 


(3.20) 


where  ^ = j + 1, . . . , m.  □ 

To  review,  Theorem  7 states  that  if  the  path  defined  by  the  machine  indices  i and 
h ^ < i < 3 < m,\s  the  longest  in  the  network,  the  ratios  of  sublot  sizes  Zi  = Xxlx2 
and  Z2  = X2IX3  must  adhere  to  their  respective  bounds  given  by  Equations  3.5,  3.6, 
3.7  and  3.8.  In  other  words,  only  for  these  values  of  z\  — X\lx2  and  Z2  ~ X2IX3 
can  the  path  defined  by  machine  indices  i and  j be  a longest  path  in  the  network. 
Alternatively,  these  conditions  imply  that  if  the  indices  i and  j define  a longest  path 
in  the  network,  the  lower  bounds  for  zi  = xx/x2  and  Z2  = X2/X3  must  be  less  than  or 
equal  to  their  respective  upper  bounds.  If  either  lower  bound  is  greater  than  its  upper 
bound,  the  path  defined  by  indices  i and  j is  never  a longest  path  in  the  network 
regardless  of  the  values  of  the  sublot  sizes  x\,  X2  and  X3.  This  occurs  because  there 
exists  no  set  of  ratios  of  sublot  sizes,  or  no  set  of  sublot  sizes,  for  which  this  is  a 
longest  path  in  the  network. 

At  this  point.  Equations  3.5,  3.6,  3.7  and  3.8  are  only  necessary  conditions  for 
machine  indices  i and  j,  1 < i < j < m,  to  define  a longest  path  in  the  network 
representation  of  the  m/C/II/CV/3  lot  streaming  problem  for  some  set  of  sublot 
sizes.  This  is  because  they  are  derived  by  comparing  only  a subset  of  all  possible 
paths  in  the  network  to  the  path  defined  by  machine  indices  i and  j.  In  fact,  they 
are  obtained  by  ensuring  that  the  path  defined  by  indices  i and  j is  at  least  as  long 
as  the  paths  passing  through  the  regions  labeled  Rl,  R2,  R3  and  Ri  in  Figure  3.13. 
(Note  that  when  i — j regions  R2  and  R3  do  not  exist.  This  accounts  for  the  different 
bounds  on  Zx  and  22  when  i = j.)  However,  using  Equations  3.5  and  3.6,  Theorem  8 
given  below  provides  necessary  and  sufficient  conditions  for  the  machine  indices  i and 


j,  1 < i < j < m,  to  define  a longest  path  in  the  network  representation  of  the 
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m/C/II/CV/3  lot  streaming  problem.  Equivalently,  Theorem  8 provides  necessary 
and  sufficient  conditions  for  the  equation  X2,  X3)  = fij{xi,  X2,  X3)  to  be  valid 

for  indices  i and  j and  for  some  set  of  sublot  sizes  Xi,  X2  and  X3.  Note  that  while 
the  bounds  on  the  ratios  Z\  and  Z2  in  Theorems  7 and  8 are  similar,  in  these  two 
theorems,  the  index  g on  the  upper  bound  of  z\  has  a different  range  of  values  while 
the  index  / on  the  lower  bound  of  Z2  has  a different  range  of  values. 


Theorem  8 The  path  defined  by  the  machine  indices  i and  j,  1 < i < j < m,  is  a 
longest  path  in  the  network  representation  of  the  m/ C/II/CV/3  lot  streaming  problem 
for  a set  of  sublot  sizes,  Xi,  X2  and  X3,  if  and  only  if  the  ratio  of  sublot  1 to  sublot  2, 
Zi  = Xilx2,  is  bounded  as 

T{h,z-1)  ^ ^ Tjz,g-1) 

T{h  + l,t)  - T{z  + l,g) 

where  h = 1, ...,?  — 1 and  g = f + 1, . . . , m,  and  the  ratio  of  sublot  2 to  sublot  3, 
^2  = X2/X3,  is  bounded  as 


mj-i)  ^ T{j,k-i) 

where  I - 1,. . . ,j  - 1 and  k - j + 

Proof:  If  the  machine  indices  i and  j,  1 < i < j < m,  define  a longest  path  in  the 
network  representation  of  the  m/C/II/CV/3  lot  streaming  problem  for  sublot  sizes 
Xi,  X2  and  X3,  by  Theorem  7,  Zi  = Xi/x2  is  bounded  as 


T{h,t-1)  ^ ^ T{t,g-l) 

T{h  + l,i)  T{z  + l,g) 

where  k = 1, . . . , t — 1 and  g = r + 1, . . . , and  Z2  = Xz/x,  is  bounded  as 


(3.21) 


mj-1)  Tu,k-i) 


(3.22) 


where  I — i, . . . ,j  — I and  A:  = j + 1, . . . , m.  From  Equation  3.21,  setting  g = j gives 


< 


TjiJ  - 1) 
T{i  + l,i) 


(3.23) 


57 


• • • 


• • • 


Figure  3.13.  Network  Representation  of  the  m/C/II/CV/3  Lot  Streaming  Problem 
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and  from  Equation  3.22  setting  I — i gives 

T[i.J  - 1) 


< 22- 


(3.24) 


T{;i  + l,i) 

From  Equations  3.22,  3.23  and  3.24  the  following  upper  bounds  on  z\  are  obtained 


T{i  + l,i) 


T(j  + 1,A:) 


which  gives 


^ ^ rp, <■■-!) 

' - r(i  + i,i)  - T{j  + \,k) 


or 


for  A;  = j + 1, . . . , m. 


T{i  + l,j)  - T{j  + l,k) 

Multiplying  both  sides  of  the  last  inequality  by  r(i+l,j)r(j+l,  k)  gives  the  inequality 
T{i,j  - \)T{j  + l,k)<  T[i  + l,i)r(y,  A;  - 1) 


and  then  adding  T{i  + l^j)T{i,j  — 1)  to  both  sides  of  the  last  inequality  gives 


T{i,j  - l)T{i  + 1,  A:)  < T{i  + l,/)r(z,  k - 1). 

Dividing  this  inequality  by  T{i  \,j)T{i  + 1,  k)  gives  the  following  result 

T{i,j-l)  ^ T{i,k-\) 

T{i  + \,j)  - T{i  + l,k) 

for  A;  = j + 1, . . . , m.  Consequently,  by  Equation  3.23,  Z\  is  bounded  from  above  as 

^ ^ ^ T{i,k-l) 

' - T(i  + l,i)  - T{i^\,k) 

or 

T{i  A;  — 1) 

~ A;  — + 1, . . . , m.  (3.25) 

From  Equations  3.21  and  3.25  the  bounds  on  z\  are 

T{h,i-l)  ^ T{i,k-\) 

T{h  + l,i)  - T{i  + l,k) 


(3.26) 
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where  /i  = 1, . . . , i — 1 and  k = i I, . . . ,m. 

Similarly,  from  Equations  3.21,  3.23  and  3.24  the  following  lower  bounds  on  Z2  are 
obtained 


T{h,i-1}  , ^ _ 


or 

T(h + l,z)  - T{i  + l,j) 

which  gives  the  expression 


(3.27) 


T{h,z-1)  ^ T{iJ-l) 

T{h  + l,z)  - T{z  + l,j) 

for  /»  = 1, . . . , i - 1.  Multiplying  both  sides  of  the  last  inequality  by  the  term  T{h  + 
+ l,j)  and  adding  T{i,j  — l)T(i  + l,j)  to  both  sides  gives  the  following 
expression 

T(h,j  - l)T(i  + l,i)  < T{i,j  - l)T{h  + l,i). 


Dividing  both  sides  of  the  inequality  by  T{h-\-  l,j)T(i  + l,i)  results  in  the  inequality 

T{hJ-l)  ^ T{z,j-1) 

T{h  + ij)  - m + ijy 

As  a result,  from  Equation  3.27,  the  following  expression  is  obtained 

T{h,j~l)  T{z,j-l) 

r(A  + i,i)  - r(i+i,;) 


or 

T{hJ-l) 

T[h  + 1 i)  ~ ^ ~ • • • ’ * ~ ^ (3.28) 

From  Equations  3.22  and  3.28,  the  bounds  on  Z2  is 


T{h  + l,j)  T{j^\,k) 


(3.29) 


where  /i  — 1, . . . , j — 1 and  A;  = j + l,...,m.  This  completes  the  proof  of  the  necessary 


conditions. 
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Now  assume  that  for  some  set  of  sublot  sizes,  xi,  X2  and  X3,  the  ratio  of  sublot  1 
to  sublot  2,  z\  = Xi/x2,  is  bounded  as 


T{h,i-l)  ^ ^ T{i,g-\) 

S -2^1  S 


(3.30) 


T{h  + l,i)  - T{i  + l,g) 

where  = 1, . . . , i — 1 and  g = ^ ’ + 1, . . . , m.  Also,  assume  that  for  the  same  set  of 
sublot  sizes,  Xi,  X2  and  X3,  the  ratio  of  sublot  2 to  sublot  3,  Z2  = ar2/x3,  is  bounded 


as 


S ^2  S 


(3.31) 


T{l  + l,j)  - + 

where  I ~ 1, ...  — 1 and  A:  = j + 1, . . . , m.  From  Equation  3.30,  Z\  is  bounded  from 

above  as  follows 

^ ~ T{i  + l,g) 

for  jr  = i + 1, . . . , m.  Since  zi  = Xi/x2,  multiplying  both  sides  of  the  previous  inequality 
by  T{i  + 1,5')x2  gives  the  expression 


T{i  + l,5-)xi  < T[i,g-  l)x2. 

Adding  T{\^i)x\  + T{g,l)x2  + T{l^m)x^  to  both  sides  of  this  inequality  above  gives 

r(l,5r)xi  + T(^,/)x2  + r(/,m)x3  < T(l,  i)xi  + r(i, /)x2  + T(/,  m)x3  (3.32) 

for  g = A + 1, . . . , m and  I = 5-, . . . , m,  or  for  ^ ^ + 1, . . . , / and  / = i + 1, . . . , m. 

This  states  that  for  sublot  sizes  Xi,  X2,  and  X3,  the  path  defined  by  indices  i and  /, 
i < /,  is  longer  than  the  one  defined  by  the  indices  g and  I,  g < 1.  Additionally,  from 
Equation  3.31,  22  is  bounded  from  below  as 

mj-1)  ^ 

T(l  + l,j) 

for  / = 1, . . . , j — 1.  This  implies  that 


7’(/,i-i)x3<r(/  + i,i)x2. 
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Adding  ^(l,  i)xi  + T{i^  l)x2-\-T{j,  m)x3  to  both  sides  of  the  previous  inequality  results 
in  the  expression 

T{l,i)xi  + T{i,l)x2  + T{l,m)x3  < T{l,i)xi  + T{iJ)x2  + T{j,m)x3,  (3.33) 

for  I = i, . . . ,j  — 1.  In  addition,  from  Equation  3.31,  Z2  is  bounded  from  above  as 

m +!.«:) 

for  k = j + 1, . . . ,m.  This  results  in  the  following  expression, 

T(j + 1,1)x2<T{j,  I -1)X3. 

Again,  adding 

T{l,i)xi  + T{iJ)x2  + T{k,m)x3 
to  both  sides  of  the  equation  results  in  the  expression 

T{l,i)xi  + T{i^k)x2  + T{k,m)x3  < T{l,i)xi  + T{i,j)x2  + T{j,m)x3,  (3.34) 

for  k = j + l,...,m.  As  a result,  from  Equation  3.33  and  by  setting  k io  I 'm 
Equation  3.34,  the  following  expression  is  satisfied, 

r(l,  i)xi  + r(«,  l)x2  + r(/,  m)x3  < r(l,  i)x\  + T{i,j)x2  + T{j,  m)x3  (3.35) 

for  I = 1, . . . , m.  Hence,  from  Equation  3.32  and  Equation  3.35,  the  following  expres- 
sion is  also  satisfied, 

T{l,g)xi  -(-  T{g,  l)x2  -f  'T(/,  m)x3  < T{l,i)xi  + T{i,j)x2  + T{j,  m)x3  (3.36) 

for  = z + 1, . . . , m and  / = . . . , m,  or  for  = ^ -f  1, . . . , m and  I = g, . . . ,m.  This 

implies  that  the  path  defined  by  the  indices  i and  j is  longer  than  the  paths  defined 
by  the  indices  g and  I,  g <1,  and  ^ i -|-  1, . . . , m,  for  sublot  sizes  xi,  X2  and  X3. 
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Similarly,  from  Equation  3.31,  Z2  is  bounded  from  below  as  follows, 
for  / = 1, . . . , j — 1.  Again,  from  this  inequality,  the  expression 


T{h,j-l)xs<Tih  + l,j)x2 

is  obtained  and  by  adding  T{l,g)xi  + T{g,l)x2  + T{j,m)x3  to  both  sides  of  the 
inequality  results  in  the  expression 


T(l,g)x-i  + T{g,l)x2  + T{l,m)x3  < T{l,g)xi  + T{g,j)x2  + T{j,m)x3  (3.37) 

for  5 = 1, . . . , / and  / = 1, . . . , j - 1,  or  for  = 1, . . . , j - 1 and  = 1, . . . , j - 1.  Also, 
from  Equation  3.30,  z\  is  bounded  as 

T{h,i  - 1) 

T{h  + l,i) 

for  h = l,...,i  — 1.  This  results  in  the  following  expression 

T{h,i  — l)x2  < T(/i  + l,i)x\. 

Adding  r(l,^)a;i  + T{i,j)x2  + T(j,  m)x3  to  both  sides  of  that  equation  results  in  the 
expression 


T[\,h)xi  + T{h,j)x2  + T{j,  m)x3  < T(l,  i)xi  + T{i,j)x2  + T{j,m)x3,  (3.38) 

for  h = 1, . . . , i — 1.  In  addition,  from  Equation  3.31,  Zi  is  bounded  as 

"^-T{i  + l,g) 

for  5 = i + 1, . . . ,m.  This  results  in  the  following  expression. 


T{i  + l,g)xi  < T{i,g  - l)x2. 
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Adding  T{i^j)xi  + T[g,j)x2  + T{j,m)x^  to  both  sides  of  the  equation  gives  the 
inequality 

T{\,g)x^  + T{g,j)x2  + T(i, m)x3  < T(l, i)x^  + T{i,j)x2  + T(j, m)xz,  (3.39) 

for  g = t As  a result,  from  Equations  3.39  and  by  letting  h - g m 

Equation  3.38,  the  following  expression  is  satisfied, 

T{l,g)xi  + T{g,j)x2  + T{j,m)xs  < T{l,i)xi  + T{i,j)x2  + T{j,m)x3  (3.40) 

for  g = 1, . . . ,m.  Hence,  from  Equations  3.37  and  3.40,  the  expression 

T{\,g)xi^-T{g,h)x2  + T{h,m)x3  < T{l,i)xi  + T[i,j)x2  + T{j,m)x3  (3.41) 

is  obtained  for  ^ = 1, . . . , /*  and  h ^ - 1,  or  for  g = 1, . . . , j - 1 and  h = 

• • • ij  !•  This  implies  that  the  path  defined  by  the  indices  i and  j is  longer  than 
the  paths  defined  by  the  indices  5 and  /i,  ^ < /j,  and  = f, . . . , j - 1,  for  the  sublot 
sizes  X\,  X2  and  X3. 

Finally,  from  Equation  3.30,  Zi  is  bounded  from  below  as 

T{h  + l,i) 

for  h = 1, . . . , f — 1 which  gives 

T{h,i -l)x2  < T{h  + l,i)xi 

for  h = 1, . . . , z — 1.  Adding  2^(1,  h)xi  + l\i,j)x2  to  both  sides  of  the  equation  above 
results  in  the  expression 

T(l,  h)xi  + T{h,j)x2  < T(l,  i)xi  + T{i,j)x2. 

for  h = 1, . . . , f — 1.  Also,  from  Equation  3.31,  Z2  is  bounded  from  above  as 

r(j  + l,A:) 


(3.42) 
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for  A:  = j + 1, . . . , m.  This  expression  results  in  the  inequality 

T{j  + l,k)x2  < T{j,k-  l)x3 

for  k = Adding  T{k,m)x3  to  both  sides  of  that  inequality  gives  the 

expression 

T{j  + 1,  k)x2  + T{k,  m)x3  < T{j,  m)x3.  (3.43) 

for  A-  = ; + 1, . . . , m.  Summing  Equations  3.42  and  3.43  results  in  the  expression 

T{l,h)xi  + T{h,k)x2  + T{k,m)x3  < T{l^i)xi  + T{i,j)x2  + T{j,m)x3  (3.44) 

for  h = 1, — 1 and  A:  = _;  + 1, . . . , m.  Again,  this  implies  that  the  path  defined 
by  the  indices  i and  j is  longer  than  the  paths  defined  by  the  indices  h and  k,  h < k, 
and  h = . . . , f — 1,  and  A;  = j + 1, . . . , m,  for  the  sublot  sizes  a;i,  X2  and  0:3. 

The  equations 

T(l,  h)xi  + T{h,  k)x2  -\-T{k,  m)x3 
for  h = 1, . . . , f — 1 and  A;  = j + 1, . . . , m, 

T{l,g)xi  + T{g,l)x2  + T{l,m)x3 
for  ^ i + 1, . . . , m and  / = g^ . . . ,m  and 

+ T{g,  h)x2  + T{h,m)x3 

ioT  g — 1, . . . , h and  h = — 1,  together  represent  the  length  of  every  path  in 

the  network.  However,  as  shown  by  Equations  3.36,  3.41  and  3.44,  the  length  of  the 
path  defined  by  indices  i and  j,  i < j, 

T{l,i)xi  + T{i,j)x2  + T{j,m)x3, 

is  at  least  as  large  as  the  length  of  any  of  these  paths  in  the  network  for  some  set  of 
sublot  sizes  Xi,  X2  and  X3.  Hence,  Equations  3.30  and  3.31  are  sufficient  conditions 
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for  the  path  defined  by  indices  i and  j,  i < j, 


fij{xi,X2,X3)  = T{l,i)xi  + T{iJ)x2  + T{j,m)x3, 


to  be  a longest  path  in  the  network  representation  of  the  m/C/II/CV/3  lot  streaming 
problem.  □ 

Theorem  8 provides  necessary  and  sufficient  conditions  for  machine  indices  i and 
ji  I < i < j < m,  to  define  longest  paths  in  the  network  representation  of  the 
m/C/II/CV/3  problem.  Equivalently,  it  provides  necessary  and  sufficient  conditions 
that  indicate  when  the  equation  fM{x\-,  X21X3)  = fij{xi,  X2,X3)  is  valid  for  some  set 
of  sublot  sizes,  ft  also  indicates  the  ranges  of  Zi  and  Z2  over  which  the  indices  i and 
j define  a longest  path  in  the  network.  The  range  for  zi  is 

(3.45) 


T{Ki-l)  ^ ^ T{i,g-l) 

T S •^i  S 


T{h  + l,i)  T{i  + l,g) 

where  h = 1, . . . , ^ — 1 and  ^ + 1, . . . , m,  while  the  range  for  22  is 

T{l+l,j)-  ^-T{j  + l,k) 

where  / = l,...,j  — 1 and  k = j 1, ...  ,m.  Now,  Theorem  9 provides  sufficient 
conditions  for  the  path  defined  by  indices  ^ and  j,  1 < ? = j < m,  to  be  a longest 
path  in  the  network. 


Theorem  9 The  path  defined  by  the  machine  indices  i and  j,  \ < i = j < m,  is  a 
longest  path  in  the  network  representation  of  the  m/ C/H/CV/3  lot  streaming  problem 
for  a set  of  sublot  sizes  Xi,  X2  and  X3,  if  the  ratio  of  sublot  1 to  sublot  2,  Zi  = xi/x2, 
is  bounded  as 

^ T(z,g-1) 

T(h  + l,i)  - - T(i  + 1,^) 

where  h = — 1 and  g = i + I, . . . ,m,  and  if  the  ratio  of  sublot  2 to  sublot  3, 

^2  = 2:2! X3.  bounded  as 

T(ij-i)  ^ 

T(1  + 1J)  T(j  + l,k) 
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where  / = 1, . . . , j - 1 and  A’  = j + 1, . . . , m. 

Proof:  Assume  that  for  some  set  of  sublot  sizes,  Xi,  X2  and  a,’3,  the  ratio  of  sublot  f 


to  sublot  2,  Zi  = Xi/x2,  is  bounded  as 


1)  T{i,g-1) 

“TT  ^ Z\  ^ 


(3.47) 


T(k+  l,i)--‘  ^ r(i+l,9) 
where  h = 1, . . . — 1 and  g — f + 1, . . . , m.  Also,  assume  that  for  the  same  set  of 
sublot  sizes,  a;i,  and  x^,  the  ratio  of  sublot  2 to  sublot  3,  Z2  — X2IX3,  is  bounded 

as 


T(hj-l)  ^ ^ T{j,k-1) 

^2  ^ 


(3.48) 


T{l+l,j)  T(i  + 1,A:) 

where  / = 1, ...  — 1 and  A;  = j + 1, . . . , m.  From  Equation  3.47,  Zi  is  bounded  from 

above  as  follows 

^ T{i,g-1) 

^ T{i  + l,g) 

for  ^ i -f  1, . . . , m.  From  this  inequality,  x^  and  X2  are  related  by  the  expression 

T{i  + l,g)xi  < T{i,g  - l)a;2. 

Adding  T{l,i)xi  -f  T[g,l)x2  + T{l,m)x3  to  both  sides  of  this  inequality  above  gives 

T{l,g)xi  + T{gJ)x2  + T{l,m)x3  < T(l,^)xl  + T{i,l)x2  + T(l,m)x3  (3.49) 

for  g - z + 1, . . . , TO  and  I = ^r, . . . , to,  or  for  = z -)-  1, . . . , / and  / = z + 1, . . . , to. 
Additionally,  from  Equation  3.48,  22  is  bounded  from  below  as 


T{l+lJ) 

for  I = 1, — 1.  This  implies  that 


< 22 


T{l,j  - 1)3:3  < T(l  + 1, ;)x2. 

Adding  r(l,z)3;i  + T{iJ)x2  + T{j,m)x3  to  both  sides  of  the  equation  results  in  the 
expression 


T(l,  z)3;i  + r(z,  l)x2  + T{l,m)x3  < F(l,  z)3;i  + T{i,j)x2  + T(j,  to.)x3,  (3.50) 
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for  / — 1, ...  ,7  — 1.  In  addition,  from  Equation  3.48,  Z2  is  bounded  from  above  as 

ni  + 1,^’) 

for  A;  = 7 -f  1, . . . , m.  This  results  in  the  following  expression, 

r(j  + 1,  \)x2  < T(j,  I - l)a;3. 

Again,  adding 

T{l,i)xi  + T{i,j)x2  + T{k,  m)x3 
to  both  sides  of  the  equation  results  in  the  expression 

r(l,  i)xi  + T{i,  k)x2  + T{k,  m)x^  < r(l,  i)xi  + T{i,j)x2  + T(j,  tti)x3^  (3.51) 

for  k — j -f  l,...,m.  As  a result,  from  Equation  3.50  and  by  setting  A;  to  / in 
Equation  3.51,  the  following  expression  is  satisfied, 

T(l,i)xi  + T{i,  l)x2  + r(/,  m)x3  < r(l,  i)x\  + T{i^j)x2  + T{j,  m)x3  (3.52) 

for  / = 1, . . . , m.  Hence,  from  Equation  3.32  and  Equation  3.52,  the  following  expres- 
sion is  also  satisfied, 

1 + T{g,  l)x2  -f  T(/,  m)x3  < I’(l,  i)a:i  T{i,j)x2  + T{j,  m)x3  (3.53) 

for  = ^■  -I-  1, . . . , m and  / = 5, . . . , m,  or  for  ^ i -f  1, . . . , m and  I = g, . . . ,m.  This 
implies  that  the  path  defined  by  the  indices  i and  j is  longer  than  the  paths  defined 
by  the  indices  g and  I,  g < I,  and  ^ z -|-  1, . . . , m,  for  sublot  sizes  Xi,  X2  and  X3. 
Similarly,  from  Equation  3.48,  22  is  bounded  from  below  as  follows, 

for  / = 1, . . . , j — 1.  Again,  from  this  inequality,  the  expression 


T{h,j  -l)x3<  T{h  + lj)x2 
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is  obtained  and  by  adding  T{\,g)x\  + T{g^l)x2  + T{j,m)x3  to  both  sides  of  the 
inequality  results  in  the  expression 

T{l,g)xi  + T{g,  l)x2  + T(/,  m)x3  < T{l,g)xi  + T{g,j)x2  + T{j,  m)xz  (3.54) 

for  ^ 1, . . . , / and  / = 1, . . . , j - 1,  or  for  = 1, . . . , j - 1 and  = 1, . . . - 1.  Also, 

from  Equation  3.47,  Z\  is  bounded  as 

T{h,i  - 1)  ^ 

T{h  + l,i) 

for  h — — 1.  This  results  in  the  following  expression 

T{h,i  — l)x2  < T{h  \,i)x\. 

Adding  T{\^g)x\  -\-T{i^j)x2  + T{j^m)x3  to  both  sides  of  that  equation  results  in  the 
expression 

r(l,  h)xx  + T{h,j)x2  + T{j,m)x3  < T{l,i)xi  + l\i,j)x2  + T{j,m)x3,  (3.55) 

for  /i  = 1, . . . , — 1.  In  addition,  from  Equation  3.48,  Zi  is  bounded  as 

^ 1) 

"'-T{z  + l,g) 

for  g = i -j-  1, . . . ,m.  This  results  in  the  following  expression, 

T{i  + l,g)xi  < T{i,g  - l)x2. 

Adding  T{i,j)xi  + T{g,j)x2  + T{j^m)x3  to  both  sides  of  the  equation  gives  the 
inequality 

^(Ijg)^i  + T{g,j)x2  + T{j,m)x3  < T{l,i)xi  + T{i,j)x2  + T{j,m)x3,  (3.56) 

for  g — i + 1, . . . ,m.  As  a result,  from  Equations  3.56  and  by  letting  h = g in 
Equation  3.55,  the  following  expression  is  satisfied, 

T{l,g)x-i  + T{g,j)x2  + T{j,m)x3  < T{l,i)xi  + T{i,j)x2  + T{j,m)x3  (3.57) 
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for  g — 1, . . . , m..  Hence,  from  Equations  3.54  and  3.57,  the  expression 

T{l,g)xi  + T{g,h)x2  + T{h,m)x3  < T{l,i)xi  + T{i,j)x2  + T{j,m)x3  (3.58) 

is  obtained  for  = 1, . . . , h and  h = 1, . . . , j - 1,  or  for  ^ = 1, ...  ,j  - 1 and  h = 
~ 1-  This  implies  that  the  path  defined  by  the  indices  i and  j is  longer  than 
the  paths  defined  by  the  indices  g and  h,  g < h,  and  ^ = i, . . . , j — 1,  for  the  sublot 
sizes  Xi,  X2  and  X3. 

Finally,  from  Equation  3.47,  z\  is  bounded  from  below  as 

T{h,i-l) 

T{h  + l,i) 

for  h — 1, . . . , z — 1 which  gives 

T{h,i -l)x2  < T{h^\,i)xi 

for  h = 1, . . . , z — 1.  Adding  r(l,  h)xi  + T{i,j)x2  to  both  sides  of  the  equation  above 
results  in  the  expression 

r(l,  h)x3  + T{hJ)x2  < T(l,  i)xi  + T{i,j)x2.  (3.59) 

for  h = 1, . . . , z — 1.  Also,  from  Equation  3.48,  Z2  is  bounded  from  above  as 

ro  + i,i) 

for  A;  = 7 ■ + 1, . . . , Z7Z.  This  expression  results  in  the  inequality 

T{j  + 1,  k)x2  < T{j,  k - 1)0:3 

for  A;  = j + l,...,m.  Adding  T{k,m)x3  to  both  sides  of  that  inequality  gives  the 
expression 

T{j  + 1,  A;)a;2  + T{k,  m)x3  < T{j,  m)x3.  (3.60) 

for  A:  = j + 1, . . . , 77Z.  Summing  Equations  3.59  and  3.60  results  in  the  expression 

T(l,  h)xi  + T{h,  k)x2  + T{k,  m)x3  < T(l,  i)xi  + T{i,j)x2  + T(j,  771)0:3  (3.61) 
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for  h — 1, . . . , i — 1 and  k = j 1, . . . ^m.  Again,  this  implies  that  the  path  defined 
by  the  indices  i and  j is  longer  than  the  paths  defined  by  the  indices  h and  k,  h < k, 
and  h = i — 1,  and  ^ = j + 1, . . . , m,  for  the  sublot  sizes  Xi,  X2  and  X3. 

The  equations 

T(l,  h)xi  + T{h,  k)x2  + T{k,  m)x3 
fov  h = I, . . . ,i  — I and  k = j + 1,. . . ,m, 

T{l,g)xi  + T{g,l)x2  + T(l,m)x3 

ioT  g = i + I, ...  ,m  and  I — g, . . . ,m.  and 

T{l,g)xi  + T(g,h)x2  + T{h,m)x3 

for  g = I, ...  ,h  and  h = — 1,  together  represent  the  length  of  every  path  in 

the  network.  However,  as  shown  by  Equations  3.36,  3.58  and  3.61,  the  length  of  the 
path  defined  by  indices  i and  j,  i — j, 

T{l,i)xi  + T{i,j)x2  + T{j,m)x3, 

is  at  least  as  large  as  the  length  of  any  of  these  paths  in  the  network  for  some  set  of 
sublot  sizes  Xi,  X2  and  3:3.  Hence,  Equations  3.47  and  3.31  are  sufficient  conditions 
for  the  path  defined  by  indices  i and  j,  i = j, 

fij{xi,X2,X3)  = T{l,i)xi  + T{i,j)x2  + T{j,m)x3, 

to  be  a longest  path  in  the  network  representation  of  the  m/C/H/CV/3  lot  streaming 
problem.  □ 

In  the  m/ C/H/ CV /3  lot  streaming  problem,  index  i is  said  to  satisfy  Equation  3.45 

T{h,i  - 1)  ^ T{i,g  - 1) 

T(h  + l,i)  - T{i^l,g) 


if 
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for  1 < /i  < ^ < ^ < m.  Thus,  when  the  index  i satisfies  Equation  3.45  the  lower 
bounds  on  z\  are  less  than  or  equal  to  its  upper  bounds.  From  Theorems  8 and  9, 
if  the  indices  i and  j,  I < i < j < m,  satisfy  Equations  3.45  and  3.46,  respectively, 
they  define  a longest  path  in  the  network.  Here,  index  i is  called  a feasible  index  if 
it  satisfies  Equation  3.45  and  thus  is  an  index  that,  along  with  another  appropriate 
machine  index,  defines  a longest  path  in  the  network.  Similarly,  j is  called  a feasible 
index  if  it  satisfies  Equation  3.46  and  thus  is  an  index  that,  along  with  another 
appropriate  machine  index,  defines  a longest  path  in  the  network.  (Note  that  the  set 
of  indices  that  satisfies  Equations  3.45  and  3.46  are  equivalent.)  These  sets  of  indices 
are  feasible  indices  in  the  m/C/II/CV /2  lot  streaming  problem  since  the  set  of  feasible 
indices  in  the  m/C/II/CV/2  lot  streaming  problem  also  satisfies  Equations  3.45  and 
3.46.  In  fact,  in  the  m/C/II/CV/2  problem,  feasible  indices  are  defined  as  indices 
that  satisfies  Equations  3.45  and  3.46. 

Note  that  the  conditions  in  Theorems  8 and  9 are  defined  for  all  machine  indices 
between  1 and  m,  exclusive.  This  being  the  case,  at  this  point,  conditions  do  not 
exist  for  the  machine  indices  1 or  m to  define,  along  with  another  machine  index,  a 
longest  path  in  the  network.  In  other  words,  conditions  do  not  exist  for  the  equations 
X2,X3)  = fig{xi,X2,X3)  and  fM{xi^X2,Xz)  = fhm{x\,X2^X3)  to  be  valid  for 
some  machine  indices  g and  h for  some  set  of  sublot  sizes.  However,  conditions  such 
as  these  are  not  needed  for  the  machines  indices  1 and  m,  since,  as  shown  by  Lemma  9, 
these  indices,  along  with  another  appropriate  machine  index,  dehne  longest  paths  in 
the  network  representation  of  the  m/C/II/CV/3  lot  streaming  problem.  Because  of 
Lemma  9,  machine  indices  1 and  m,  are  always  called  feasible  indices. 

Lemma  9 Machine  indices  1 or  m can  always  be  used  to  define  longest  paths  in  the 
network  representation  of  the  m/C/II/CV/3  lot  streaming  problem. 
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Proof:  Since  0 < < 1 and  0 < a;2  < 1,  there  always  exist  sublot  sizes  x\  and 

X2  such  that  z\  = Xxfx^  is  bounded  as 


0 < < 


T{%9) 


or  as 


< 


T{2,g) 


for  every  g = 2,...,m.  Multiplying  both  sides  of  the  inequality  by  0 < T{2,g)x2  gives 


'l\2,g)xi  < T{l,g-  l)a;2 


and  adding  T(l,l)a:i  + T{g,h)x2  + T{h,m)x3,  where  g < h,  to  both  sides  of  the 
resultant  inequality  results  in  the  expression 


T{l,g)xi  + T{g,  h)x2  + T{h,  m)xz  < T{l,l)xi  + r(l,  h)x2  + T{h,m)x3 

whereof  = and  h = Because /ij(xi, 0:2, 2:3)  = T{l,i)xi  + T{iJ)x2 + 

T{j,m)x3,  the  last  inequality  gives 


fghi^lT  ^2^  ^3}  ^ X2,  X^) 


or 

fgh{Xl,X2,X3)  < flh{xi,X2,X3)  < m&X  fu{xi,  X2,  X3) 

k 

or  simply 


fgh{Xl,X2,X3)  < m&xfik{xi,X2,X3) 

k 

for  g = h = and  k = 1,2,  The  function  fgh{xi,X2,X3) 

represents  the  length  of  every  path  in  the  network  where  g — 1,2,...,/?  and  h = 
1, 2, . . . , m.  As  a result,  there  exists  sublot  sizes  Xx,  X2,  and  X3  = I—X1—X2  and  some 
machine  index  k = 1, . . . , m such  that  the  machine  indices  1 and  k define  a path  at 
least  as  long  as  any  other  in  the  network. 
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Also,  since  0 < 2:2  < 1 and  0 < X3  < 1,  there  always  exist  sublot  sizes  X2  and  2:3 
such  that  Z2  = X2/X3  is  bounded  as 

T{l,m  - 1) 

T(/  + l,m) 

for  every  / = , m-1.  Multiplying  both  sides  of  the  inequality  by  0 < T{1+1,  m)x^ 

results  in  the  inequality 


T{l,m  — 1)2:3  < + 1,  m)2:2 


and  adding 

T{l^i)xi  + T{i,l)x2  + T{m,m)x3 

where  i < I io  both  sides  of  the  resultant  inequality  results  in  the  inequality 


T{l,i)xi  + T{iJ)x2  + T{l,m)x3  < T{l,i)xi  + T{i,m)x2  + T{m,m)x3 

where  ^ = 1, . . . , m and  I = Because  fij{xi,X2,  X3)  = T{1,  i)xi  + T{iJ)x2  + 

T{j,m)x3,  the  last  inequality  results  in  the  inequality 


^ 5 ^2)  ^3) 


or  simply 


and  finally 


fil{xi,  X2,X3)  < fim{Xi,X2,X3)  < ma.X  fkm{xi , X2,  X3) 

k 


fil{xi,  X2,X3)  < m&xfkmiXl,X2,X3) 

k 

for  ^ = 1, . . . , m,  / = , m and  k = 1, . . . , m.  The  function  fu{x^^  X2,  X3)  represents 

the  length  of  every  path  in  the  network  where  i = 1, 2, . . . , m and  / = z, . . . , m.  As  a 
result,  there  exists  sublot  sizes  X2,  X3,  and  2:1  = 1 — X2  — 2:3  and  some  machine  index 
A;  = 1, . . . , m such  that  the  machine  indices  k and  m define  a path  at  least  as  long  as 
any  other  in  the  network.  □ 
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Using  arguments  similar  to  the  ones  in  Theorem  7,  it  can  be  shown  that  if 


for  g — 2, . . . and  if 


z\ 


~ T{2,g) 


mj-l)  ^ ^ T{j,k-\) 

where  / = 1, . . . , j — 1 and  A:  = j T 1, . . . , m,  the  path  defined  by  indices  1 and  j is  a 
longest  path  in  the  network  when  Zi  = xxfxi  and  = X2jxj,.  Also,  it  is  possible  to 
show  that  if 

T{l,m-  1) 

r(/  + l,m) 

for  / = 1, . . . , m — 1 and  if 


T(a,t-1)  T(i,h-1) 

T{g  + \,i)  - T{i  + \,h) 


where  = 1, — 1 and  /i  = i + 1, . . . , m,  the  path  defined  by  indices  i and  m is 
a longest  path  in  the  network  when  z\  = Xi/x2  and  22  = X2IXH.  Finally,  it  can  be 
proven  that  the  bounds  on  21,  and  22  are  as  given  below  for  the  appropriate  situation: 
when  i = 1,  and  j — 1, 


z\  < 


T{l,g-l) 

T{2,g) 


for  g = 2, . . . ,m  and 


Z2  < 


T(hh-l) 

T{2,h) 


for  /j  = 2, . . . , m, 
when  ^ = 1,  and  j = m 


^T{l,g-l) 

- T{2,g) 


T{l,m  - 1) 
T(/  + l,m) 


for  g = 2, . . . and 
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for  / = 1, . . . ,m  — 1, 
when  j = m,  and  j = m 

T{k,m  - 1)  ^ 

T{k  + l,m)  - 

for  k = 1, . . . , m — 1, 

Tjl,m-  1)  ^ 

r(/  + i,m) 

for  / = 1, . . . , m — 1. 

Now,  for  a given  index  pair  i and  j,  i < j,  it  is  possible  to  ascertain  if 

fM{xi,X2,X3)  = fij{xi,X2,X3) 

or  if  i and  j define  a longest  path  in  the  network  for  some  set  of  sublot  sizes.  It  is 
also  possible  to  find  the  ratios  z\  = x\/x2  and  Z2  = X2IX3  for  which  this  is  true.  From 
Theorems  8,  9 and  Lemma  9,  for  a given  pair  of  feasible  indices  i and  j,  i < j,  it 
is  possible  to  determine  the  bounds  on  the  values  of  z-i  — xi/x2  and  Z2  = X2IX3  for 
which  the  equation  fM{x\,X2,X3)  = X2, X3)  is  valid.  As  a result,  given  feasible 

indices  i and  j,  i < jf,  the  ranges  of  Zi  and  Z2  over  which  the  path  defined  by  indices 
i and  j is  the  longest  in  the  network  can  be  determined.  To  minimize  the  makespan, 
it  is  necessary  to  minimize  the  longest  paths  over  these  ranges  of  Zi  = xi/x2  and 
^2  = X2IX3.  However,  before  this  is  done,  a system  of  finding  all  feasible  indices  in 
any  instance  of  the  m/C/II/CV/3  lot  streaming  problem  is  needed. 

As  mentioned  previously,  the  set  of  feasible  indices  in  the  m/C/II/CV/3  prob- 
lem is  the  same  set  of  feasible  indices  in  the  m/C/II/CV/2  problem  since  both  sets 
must  satisfy  Equation  3.45.  This  being  the  case,  all  definitions  and  lemmas  given  in 
Section  3.4.3  which  pertain  to  feasible  indices  in  the  m/C/II/CV/2  problem,  pertain 
to  the  feasible  indices  in  the  m/C/II/CV/3  problem.  Also,  to  further  facilitate  the 
discussion  of  feasible  indices,  the  following  definition  is  made. 

Definition  3 Feasible  indices  i and  j are  adjacent  feasible  indices  if  i — »■  j. 
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Using  Definition  2,  and  Lemma  3,  given  one  feasible  index,  another  can  be  located 
by  finding  the  index  to  which  it  points.  Furthermore,  Lemma  4 and  Definition  3 ensure 
that  no  feasible  index  exists  bewteen  two  adjacent  feasible  indices.  Lemma  7 identifies 
the  index  of  the  machine  with  the  largest  processing  time  as  a feasible  index.  Finally, 
Lemma  5 states  that  adjacent  feasible  indices  identify  each  other  as  feasible  indices. 
The  proofs  of  these  lemmas  are  provided  in  Appendix  A. 

Using  these  definitions  and  lemmas  for  the  m/C/II/CV/2  problem,  feasible  indices 
in  any  instance  of  the  m/C/II/CV/3  problem  can  be  obtained.  As  stated  earlier, 
indices  1 and  m and  the  index  of  the  machine  with  the  largest  processing  time  are 
always  feasible  indices.  Starting  with  any  one  of  these  feasible  indices  and  using 
Lemma  3,  an  adjacent  feasible  index  can  be  found.  Likewise,  by  repeating  this  process 
with  the  newly  found  feasible  indices,  one  of  its  adjacent  feasible  index  can  be  located. 
This  process  can  continue  until  all  feasible  indices  are  enumerated. 

The  following  procedure  is  one  method  of  locating  these  feasible  indices.  It  starts 
with  index  1 as  the  initial  feasible  index  and  searches  for  its  adjacent  feasible  index. 
This  adjacent  feasible  index  is  then  added  to  the  set  of  feasible  indices.  Following 
that,  a search  is  conducted  for  its  adjacent  fecisible  index  on  the  right.  This  continues 
until  the  last  feasible  index,  m,  is  obtained.  (A  search  for  the  feasible  indices  can  also 
be  conducted  by  using  index  m as  the  initial  feasible  index  and  searching  backward.) 

Feasible  Index  Search  Algorithm 

1.  Let  I = {0}  be  the  initial  set  of  feasible  indices. 

2.  Set  i = 1,  this  is  the  first  feasible  index.  Set  I = I U i. 

3.  Find  the  smallest  index  F,  such  that 

mm  < > = — 

t<fe  \ + 1,  A:)  j 
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Then  i i'  and  i'  is  a feasible  index.  Set  / = / U and  i = i'.  If 
i < m repeat  this  step. 

4-  / is  a set  of  feasible  indices. 

Now,  for  any  feasible  index  pair  i and  i < it  is  known  that  fM{x\,X2,X3)  = 
fij{xi,  X2,  Xs)  for  some  set  of  sublot  sizes.  However,  given  a feasible  index  pair  i and 
j,  i j,  Theorems  8 and  9 only  provide  the  ranges  on  the  values  of  the  ratios  Zi  and 
22  that  insures  that  the  path  defined  by  these  feasible  indices  is  the  longest  in  the 
network.  Because  of  this,  a method  of  obtaining  xi,  X2,  and  x^  from  the  ratios  zi  and 
22  is  needed. 

Given  the  expressions,  Xi  = 21X2,  X2  = 22X3  and  Xi  + X2  + X3  = 1,  solving  for  the 
sublot  sizes  in  terms  of  Z\  and  22  results  in  the  following  expressions  for  xi,  X2  and 
X3, 

2iZ2 

Xi  =:  

Z1Z2  + 22  + 1 
22 

X2  = 

Z1Z2  + 22  + 1 

1 

X3  — . 

2i22  + 22  + 1 

However,  although  the  sublot  sizes  can  be  obtained  from  the  ratio  of  sublot  sizes, 
there  is  no  guarentee  that  there  is  a one  to  one  correspondence  between  the  ratio  of 
sublot  sizes  and  the  sublot  sizes,  or  equivalently,  that  a unique  set  of  ratios  of  sublot 
sizes  gives  a unique  set  of  sublot  sizes.  Because  of  Theorem  10  given  below,  there  is 
a one  to  one  correspondence  between  the  domains 

^ — {{x\,X2,X3)^  I a:i  + X2  + X3  = 1 and  0 < x*-  < 1, Vi} 

and 

z = {(21,22)^  I 0 < 2i,0  < 22}  , 

where  the  transformation  from  JV  to  Z is  21  = Xi/x2  and  Xi  = X2/X3.  As  a result, 
once  2i  and  22  are  specified,  unique  values  of  the  sublot  sizes,  Xi,  X2  and  X3,  are 
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readily  available.  The  converse  is  also  true.  Because  of  this,  the  m/C/ll/CV/3  lot 
streaming  problem  can  be  discussed  either  in  terms  of  the  sublot  sizes  Xi,  X2,  and  X3, 
or  in  terms  of  the  ratio  of  sublot  sizes  Zi  and  22- 


Theorem  10  There  is  a one  to  one  correspondence  between  the  domains  X and  Z 
where 

X = {{xi,X2,X3f  \ xi  + X2  + X3  = 1 and  0 < Xi  < l,Vz} 

and 

z = {(21,22)^  I 0 < 2i,0  < 22} 

where  the  transformation  from  X to  Z is  2i  = Xi/x2  and  22  = X2/X3. 

Proof:  For  any  x ^ X,  the  following  system  of  equations  gives  the  corresponding  z 
in  Z, 

ZiXi+i  - Xi  (3.62) 

for  i = 1,2.  This  system  can  be  expressed  as 

.Yz  = x' 


where 

/ \ 

x'=  "■ 

(x,  j 

(A 

z = 


and 


a:  = 


/ \ 

X2  0 

0 X3 


As  easily  seen,  the  determinant  of  X is  det(X)  = X2X3.  Since  0:2  7^  0 and  X3  7^  0, 
the  determinant  of  X is  det(A')  7^  0.  Therefore,  A:  is  a nonsingular  matrix  and  for 
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every  x,  and  thus  for  every  x',  there  exists  a distinct  z.  Futhermore,  since  xi  > 0 and 
X2  > 0,  because  of  Equation  3.62,  zi  > 0 and  Z2  > O.Then,  for  every  x,  x G X,  not 
only  is  there  a distinct  z,  but  z ^ Z. 

Likewise,  for  any  z ^ the  following  system  of  equations  gives  the  corresponding 
X in  X, 

Xi  — Z1X2  = 0 

X2  - Z2X3  = 0 


This  system  is  expressed  as 


where 


3^1  X2  x^  — 1. 


Zx  = ei 


/ \ 

1 1 1 


Z = 


1 —Zx  0 


V 


/ 


0 1 -Z2 

and  ei  is  the  3x1  vector  with  one  as  its  first  element  and  zeros  elsewhere.  Expanding 
along  the  first  row  and  simplifying  results  in  the  following  expression  for  the  deter- 
minant of  Z,  det(Z)  = Z\Z2  -|-  2^2  + 1-  Since  z\  ^ 0 and  Z2  ^ 0,  det(Z)  ^ 0.  Therefore, 
Z is  a nonsingular  matrix  and  for  every  z G Z there  exists  a distinct  x.  Also,  since 
Zx  > 0 and  22  > 0,  the  sublot  sizes  are  also  positive  or  > 0,  0:2  > 0 and  0:3  > 0. 
Then,  for  every  distinct  z G Z,  there  is  a distinct  x € A".  Therefore,  there  is  a one  to 
one  correspondence  between  the  domains  Z and  X.  □ 

Now,  given  a pair  of  feasible  indices  i and  j,  i < j,  the  values  of  Xx,  X2  and  X3,  that 
minimizes  the  longest  path  defined  by  these  indices  or  that  minimizes  fij{xx,  X2,  X3) 
are  needed.  Since  the  values  of  zx  and  Z2^  that  insures  the  path  defined  by  indices  i 
and  j,  i < j,  is  a longest  path  in  the  network,  are  readily  available,  it  is  convenient 
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to  minimize  the  makespan  the  in  Zi,  Z2  domain  and  then  convert  z\  and  Z2  into  their 
corresponding  Xi,  X2,  and  values.  However,  the  makespan  must  first  be  formulated 
in  terms  of  Z\  and  22  to  accomplish  this  task. 

Recall  that  the  makespan  of  the  problem,  for  a given  set  of  feasible  indices  i and 
ji  i < j-,  and  valid  sublot  sizes  Xi,  X2  and  X3,  is 

fM{xi,X2,X3)  = fij{xi,X2,X3)  = T{l,i)xi  + T{iJ)x2  + T{j,m)x3. 

Since  X\  -\-  X2  -\-  X3  = the  makespan  is  equivalent  to 


[T(l,f)  - r(j,m)]xi  + [T{i,j)  - T{j,m)]x2  + T{j,m). 


Using  the  definitions  oq  = T{l,i)--T{j,m.)  and  6^  = T{i,j)  — T{j,  m),  this  expression 
becomes 


QijXi  + bijX2  + T{j,  m). 


Also,  because 


Z\Z2 

X\  = 

Z\Z2  + 22  + 1 


and 


^^2 

X2  ~ , 

Z\Z2  + ^2  + 1 

the  expression  for  the  length  of  the  path  defined  by  feasible  indices  i and  j,  i < j,  or 
the  makespan,  in  terms  of  21  and  22  and  denoted  Mq(2i,22),  is 


M^J{Zl,Z2) 


^■ijZ\Z2  + Z2bij 
Z1Z2  + 22  + 1 


Again,  since  the  makespan  is  the  maximum  of  all  functions  Mq(2i,22),  the  length 
of  the  longest  path  of  the  network,  or  the  expression  for  the  makespan  in  terms  of 
Mij{zi,Z2)  is 

Mz{zi,Z2)  = maxMq(2i,22). 

t<j 
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The  function  for  the  makespan  Mz{zi,Z2)  is  defined  in  the  domain 

Z - {z  e R^\0  < 2i,0  < Z2}  . 

As  is  evident,  the  function  for  the  makespan  in  terms  of  Zi  and  ^2,  -^2(21,22),  is  the 
upper  envelope  of  the  intersection  of  the  functions  Mp(2i,22),  i < j,  where  ^ and  j 
are  machine  indices.  Finally,  the  optimal  makespan  M*  is 

M*  = minM^(2i,22) 

z£Z 

or 

M*  = minmax  Mp(2i,  22) 

z£Z  i<j 

Recall  that  Mij[zi,  22)  is  the  length  of  the  path  defined  by  the  feasible  indices  i and 
i?  i < j-  Also,  note  that  Mp(2i,22)  = fij{xi,  X2t  X3)  when  Zi  = X\lx2  and  22  = X2lx^. 
This  function  is  the  makespan  of  the  problem  when  z\  and  22  are  bounded  as  given 
by  Theorems  8 and  9.  As  before,  to  find  the  optimal  makespan  M*,  it  is  sufficient  to 
first  find  all  index  pairs  i and  j,  i < j,  such  that  M421, 22)  = Mij{zi,  22)  or  such  that 
the  path  defined  by  the  feasible  indices  i and  j is  a longest  path  in  the  network  for  the 
ratios  of  sublot  sizes  Z\  and  22.  After  finding  these  index  pairs  i and  j , it  is  necessary 
to  find  the  values  of  the  ratio  of  sublot  sizes  for  which  each  Mp(2i,  22)  is  the  length  of 
the  longest  path.  Once  these  values  of  the  sublot  sizes  are  obtained,  it  is  necessary  to 
minimize  Miji^Z\,  22)  over  these  ratios  of  sublot  sizes,  and  pick  the  smallest  minimized 
M,j(2i,22)  as  the  optimal  makespan.  The  optimal  sublot  sizes  can  then  be  recovered 
from  the  optimal  ratios  of  sublot  sizes.  As  a result,  in  order  to  minimize  Mz{z\,  Z2), 
or  the  makespan,  the  function  M,j(2i,22)  must  be  characterized.  Theorem  11  given 
below  indicates  that  Mij{z\,  22)  is  a monotone  function  in  the  directions  of  2i  and  22. 

Theorem  11  The  function  Mp(2i,22)  is  a monotone  function  in  Z\  and  22. 

Proof:  The  partial  derivative  of  M,j(2i,22)  with  respect  to  Zi  is 

dMjj{z-i,Z2)  _ aijZ2{z2  + 1)  - bjjzj 

dz\  {z\Z2  Z2  T 1)^ 
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The  sign  of  dMij{zi,  Z2)fdzi  is  determined  by  its  numerator  which  is  invariant  to 
Z\.  Thus,  if  Zi  is  increased  (decreased),  the  sign  of  dMij{^z\,  Z2)  j dz\  will  not  change. 
Hence,  Mij{zi,Z2)  is  a monotone  function  in  the  direction  of  z^.  In  addition,  the 
partial  derivative  of  Mij{zi,Z2)  with  respect  to  Z2  is 

dMjj{z-i,Z2)  _ OjjZi  + bjj 

dz2  {z\Z2-\- Z2-\-iy 

Here  again,  the  sign  of  dMij{z-i^Z2)ldz2  is  determined  by  its  numerator  which  is 
invariant  to  22-  Thus,  if  22  is  increased  (decreased),  the  sign  of  dMij{zi,Z2)/dz2  will 
not  change.  As  a result,  Mij{zi,Z2)  is  a monotone  function,  this  time  in  the  direction 
of  22.  □ 

Given  that  Mij{zi,Z2)  is  a monotone  function  in  the  directions  of  zi  and  22, 
Lemma  10  shows  that  the  minimum  value  of  Mij{zi,Z2),  over  the  ranges  of  21  and  22 
bounded  as  in  Theorems  8 and  9 occurs  at  the  upper  or  lower  bounds  of  Z\  and  22. 

Lemma  10  The  minimum  value  of  Mij{^Z\^  Z2)  occurs  at  the  lower  and  upper  bounds 
of  z\  and  22. 

Proof:  Since  M,j(2i,  22)  is  a monotone  function  in  the  directions  of  Zi  and  22,  depend- 
ing on  the  signs  of  dMij{zi,Z2)ldzi  and  dMij{zi,Z2)/dz2,  the  ratios  z■^  and  22  should 
be  either  increased  or  decreased  to  minimize  ^^(21,22).  If  dMij{zi,Z2)/dzi  < 0,  in- 
creasing 2i  decreases  Mij[z\,  Z2),  however  if  dMij[zi^Z2)ldz\  > 0,  decreasing  z-i  also 
decreases  the  makespan,  Mij[z\,  Z2).  Likewise,  If  dMij[z\^  Z2)j dz2  < 0,  increasing  22 
decreases  Mij(2i,22),  however,  if  dMij{zi,Z2)/dz2  > 0,  decreasing  22  decreases  the 
makespan,  Mij{zi,Z2).  However,  21  and  22  are  bounded  and  cannot  be  decreased 
or  increased  indefinitely.  As  a result,  21  and  22  must  be  decreased  or  increased  to 
its  lowest  or  highest  level  to  minimize  M,j(2i,22).  If  dMij{zi,  Z2)/dzi  = 0,  Zi  can 
be  increased  (decreased)  to  its  highest  (lowest)  level  without  changing  the  value  of 
M,j{zi,Z2).  If  dMij{Zi,Z2)/dz2  = 0,  22  can  be  increased  (decreased)  to  its  highest 
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(lowest)  level  without  changing  the  value  of  Z2).  Then,  the  minimum  value  of 

Mij[zi,  Z2),  over  the  feasible  ranges  of  Zi  and  Z2,  occurs  at  either  the  lower  or  upper 
bounds  of  zi  and  Z2.  □ 

Now,  because  the  minimum  value  of  Mij{zi,Z2)  occurs  at  the  boundary  of  the 
ranges  over  which  it  is  defined,  22)  need  be  minimized  only  over  these  boundary 

points.  In  Theorems  8 and  9,  21  and  22  are  bounded  by  ratios  that  are  dependent  on  i 
and  j,  respectively.  Since  this  is  the  case,  the  values  of  z\  and  22  that  result  in  the  path 
defined  by  feasible  indices  ^ and  j,  i < j,  being  the  longest  in  the  network  are  referred 
to  as  2i  [z]  and  22  [?'] , respectively.  Now,  since  z\  [^]  and  22  [j]  are  bounded,  they  can 
not  be  increased  or  decreased  indefinitely  to  decrease  Mij{zi,Z2),  the  makespan.  A 
combination  of  these  lower  and  upper  bounds  give  the  minimum  value  of  Mij[zi,  Z2). 
As  a result,  these  bounds  must  be  determined.  As  shown  by  Lemma  11  given  below, 
the  lower  bound  for  21  is  T(i',  i — l)fT{i'  + 1,  i)  where  i'  is  an  adjacent  feasible  index 
such  that  i < i,  while  its  upper  bound  is  — \)jT{i  T 1,?”)  where  i"  is  an 

adjacent  feasible  index  such  that  i < i".  Also  shown  by  Lemma  11,  the  lower  bound 
for  22  is  T(/,  j-l)/T(j'  + l,  j)  where  is  an  adjacent  feasible  index  such  that  j'  < j, 
while  it’s  upper  bound  is  T{j,j"  - 1)/T(j  + 1,/')  where  j"  is  an  adjacent  feasible 
index  such  that  j < j". 

Lemma  11  Let  i and  j,  i < j,  be  feasible  indices.  The  lower  bound  on  21  is  T[i\i  — 
1)/T(i'  + l,i)  where  i'  is  the  adjacent  feasible  index  such  that  i'  < i,  and  the  upper 
bound  on  zi  is  Zi  = — 1)/T{i  + l,i'')  where  i"  is  the  adjacent  feasible  index 

such  that  i <i  i . The  lower  bound  on  22  is  T(^j',j  — 1)/T'(y^  T 1,^)  where  j'  is 
the  adjacent  feasible  index  such  that  j'  < j,  and  the  upper  bound  on  22  is  22  = 
T(jJ"  - 1)/T(i  + IJ")  where  j"  is  the  adjacent  feasible  index  such  that  j < j". 

Proof:  Let  i and  j,  i < j,  be  feasible  indices  such  that  i'  and  i"  are  adjacent  feasible 
such  that  i'  < i < i".  Also,  j'  and  j"  are  adjacent  feasibles  such  that  j'  < j < j".  For 
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feasible  indices  i and  j,  Z\  [z]  must  be  bounded  as  follows 


T[h,i-\)  ^ ^ T{i,g-\) 

‘ ‘ - T(i+l,g) 

where  /i  = 1, . . . , i — 1 and  ^ = i + to  maintain  the  path  defined  by  indices  i 

and  j as  the  longest  in  the  network.  The  maximum  value  that  z\  [i]  can  be  increased 


to  is 


mm 


T{i  + l,i") 


i<7  tr(i  + 1,^)  1 ' 1 

since  i"  is  an  adjacent  feasible  index  to  i such  that  i < i" . The  minimum  value  that 
z\  [i]  can  be  set  to  is 

(3.64) 


h<t  fT(/i  + l,z) 


T{i'  + l,z) 

since  i'  is  an  adjacent  feasible  index  to  i such  that  i'  < i.  As  a result,  the  maximum 
and  minimum  value  of  z-i  [i]  identifies  indices  i'  and  i",  which  along  with  the  index  i, 
determines  the  bounds  on  z-i  [z] . 

Similarly,  for  feasible  indices  i and  j,  Z2  [j]  is  bounded  as 

^ ,,,  . T{j,k-i) 

such  that  I = 1, ...  — 1 and  k = j + 1, . . . , m.  The  minimum  value  that  Z2  [i]  can 


be  decreased  to  is 


max  , 

Kj  [T(l 


Tihj-m  _TU\j-l) 
i + hj)j  T{j'  + i,jy 

since  j'  is  an  adjacent  feasible  index  to  j such  that  j‘  < j.  The  maximum  value  that 

Z2  [j]  can  be  increased  to  is 


min 

j<k 


U(i  + 1,A:)/ 


(3.66) 


since  j"  is  an  adjacent  feasible  index  to  j where  j < j" . As  a result,  the  maximum  or 
minimum  value  of  Z2  \j]  identifies  indices  j'  and  j"  that,  along  with  j,  determines  the 
bounds  on  Z2  [j] . □ 
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Now,  given  any  feasible  index  pair  i and  j,  i < j,  the  minimized  length  of  the 
path  defined  by  these  indices  occurs  when  Zi  and  22  are  set  at  either  there  upper 
or  lower  bounds.  The  minimized  length  of  this  path  can  be  found  by  evaluating 
Mij{zi,Z2)  at  the  upper  and  lower  bounds  of  Zi  and  Z2.  The  minimum  of  these  values 
is  the  minimized  length  of  the  path  defined  by  the  feasible  indices  i and  j.  However, 
although  bounds  on  Zi  [z]  and  Z2  [j]  give  the  minimized  length  of  the  path  defined  by 
the  feasible  indices  i and  j,  there  is  no  guarantee  that  this  minimized  longest  path 
is  the  minimal  longest  path  in  the  network  or,  equivalently,  the  optimal  makespan. 
Hence,  a method  of  minimizing  the  makespan  over  all  possible  boundary  values  of  zi 
and  Z2,  or  over  all  possible  pairs  of  feasible  indices  i and  j,  i < j,  is  needed.  In  order 
to  accomplish  this  Theorem  12  is  utilized. 

Theorem  12  below  states  that  there  exists  values  of  Zi  and  Z2  for  which  the  mini- 
mized length  of  the  path  defined  by  feasible  indices  i and  j,  i < j,  where  i — > i'  with 
* < ]'  (j  j'  with  i'  < j),  is  equal  to  the  longest  path  defined  by  feasible  indices  i' 
and  j {i  and  /)  evaluated  at  Zi  and  22- 

Theorem  12  Let  i and  j,  i < j,  be  feasible  indices  such  that  i i'  and  j — > j'.  Then, 
for  the  values  of  Z\  [*]  and  22  [j] , 2J'  [f]  and  22  [j] , that  minimizes  the  path  defined  by 
the  feasible  indices  i and  j,  values  of  Zi  [f']  and  22  [/]  exist  such  that  Zi  [T]  = 2j  [f]  and 
^2  \j]  — ^2  \j']  ■ For  these  values,  the  longest  path  defined  by  feasible  indices  i'  and 
j is  equal  to  the  longest  path  defined  by  feasible  indices  i and  j if  i < j'.  Also,  the 
path  defined  by  indices  i and  f is  equal  to  the  longest  path  in  defined  by  the  feasible 
indices  i and  j if  i < j' . 

Proof:  Let  i and  j,  i < j be  feasible  indices  such  that  i —>■  i'  and  j — > j'.  Let  zi  [f]  and 
^2  [i]  of  the  bounds  of  21  [f]  and  22  [j] , respectively  that  minimizes  Mij{xi,X2). 

By  Lemma  3,  i'  and  j'  are  feasible  indices.  The  length  of  the  longest  path  defined  by 
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indices  i and  j is 

+ 

Since  i either 

Zi  [d  = min 


[a.,j]  Zi  [i]  ^2  [i] 

[*]  ^2  [i]  + 4 [i]  + 1 

[bzj]  zi  [?] 

[*]  4 [i]  + ^2  [j]  + 1 


+ T{j,m). 


(3.67) 


\ T(z  + 1,  A:)  j + 

where  i',  i < i' , is  the  smallest  index  for  which  this  equation  is  satisfied  or 

z-i  h - max  < f > = — 

h<^  {T{h  + l,i)j  T{i'+l,iy 

where  i',  i'  < ^,  is  the  largest  index  for  which  this  equation  is  satisfied.  In  either  case, 
index  i'  is  an  adjacent  feasible  index  to  feasible  index  i. 

Now,  by  expanding  the  terms  T{l,i)  and  T{i,j)  in  Equation  3.67,  the  makespan 
is 


Mij{zi[i],zl\j])  = 


[a,<j + r(i'  + 1,0]  zi  [^]  ^*[j] 

H [i]  + 22  \j]  + 1 

1)]  Z*\j] 


W ^2  \j]  + 4 \j]  + 1 


+ T{j,m) 


if  i'  < i and 


M^j{zl  [0  , Z2  [;■]) 


- T{i  + l,z')j  2i  [i]  z;  [j] 


W ^2  \j]  + ^2  \j]  + 1 
2l  [*]  ^2  [i]  + 22  \j]  + 1 

if  i < i'.  Equation  3.68  is  rearranged  to  obtain 

[o-i'j]  2i  [*]  22  0] 


+ T{j,m) 


M,j[zx  [i]  ,4  [;•]) 


[*]  Z*2  [j]  + 22*  [i]  + 1 
I ^2  [i] 


+ T{j,m) 


^1  [*]  ^2  [i]  + 4 [i]  + 1 

+ \i]z;\j]-T{i',i-i)z;\j] 

^1  [*]  4 [j]  + 4 [i]  + 1 


(3.68) 


(3.69) 


(3.70) 
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Likewise,  Equation  3.69  is  rearranged  to  obtain 

[ai'j]  zi  [*■]  [i] 


Mij{zi  [i] , ^2  [?])  — 


^1  [*]  4 [i]  + 4 [i]  + 1 

I ^2  [i] 


(3.71) 


+ T(j,m) 


+ 


[*]  ^2  [i]  + ^2  [j]  + 1 

H ^2  [i]  + ^2  [i]  + 1 


Upon  close  inspection,  it  is  not  difficult  to  see  that 

w + 1,  »>1  M [j]  - ^ - 1)4  \j]  _ 

[*]  4 [i]  + ^2  [i]  + 1 

in  Equation  3.70  because,  if  i'  < i, 


W,i-1) 
T{i'  + i,iy 


and 

^1 1'l  U]  + 4 lil  + 1 


in  Equation  3.71  because,  if  i < 


[^] 


T{i,i'  - 1) 
T{i  + 1,2')' 


In  either  case,  this  leads  to  the  following  expression  for  the  path  defined  by  indices  i 
and  j, 


M,j{zi\i],z;[j])  = 


[g.-q]  [2]  z^  [j] 

^2  [i]  -^1  [*]  + ^2  [i]  + 1 

J [6;/j]  Z2  [i] L ^ 


(3.72) 


However,  the  equation  for  the  length  of  the  path  defined  by  feasible  indices  i'  and  j 


is 


Mi'j{zi  [2'] , 2:2  [j]) 


[g,q]  2l  \i']  Z2  [j] 

[*']  ^2  [i]  + 2:2  [j]  + 1 
I [bj']]  Z2  [i] 

^1  [*']  ^2  [i]  + ^2  [i]  + 1 


+ T{j,m). 


(3.73) 
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The  path  defined  by  indices  i'  and  j is  a longest  path  since  i'  and  j are  feasible  indices. 
Because  i'  and  j are  feasible  indices,  Zi  [i']  is  bounded  as 


(3.74) 


T{h  + l,i')  - T(i'  + l,g) 

for  /?  = 1, . . . , — 1 and  g = i'  I, ...  ,m  and  Z2  [i]  is  bounded  as 

...  , r(j,t-i) 

where  / = 1, . . . , j — 1 and  k = j 1, . . . ,m.  By  Lemma  5,  if  i — > i'  then  —>  i.  If 
i'  < i,  then 

T{i',g  - 


(3.75) 


2i  [i'l  < min 

t'<g  t 7 (* 


+ IIS')  J T{i'  + 1,  i) 


or 


However,  if  i < then 


Zi  [*']  < Zi  [z] . 


2i  [z'l  > max  { ^ ^ ^ [z] 

‘ - h<i>  \T(h  + l,i')j  r(z  + l,z'0 


or 


01  [z]  < 01  [z'j  . 


Note  that  the  values  of  02  [j]  for  which  the  path  defined  by  indices  z and  j is 
the  longest  in  the  network  are  the  same  values  of  02  [7]  for  which  the  path  defined 
by  indices  i'  and  j is  the  longest  in  the  network.  As  a result,  for  01  [z']  = 01  [z]  and 
02  [7]  = Z2  [j] , the  path  defined  by  indices  i'  and  j is  a longest  path  in  the  network. 
Also,  from  Equations  3.72  and  3.73,  Mjj(0i  [z] , 02  [7])  = M,/j(0i  [z'j , 02  [j]),  or  the 
length  of  the  minimized  longest  path  defined  by  feasible  indices  i and  j is  equal 
to  the  length  of  the  longest  path  defined  by  feasible  indices  i'  and  j.  Futhermore, 
01  [z]  is  a bound  on  01  [z'j  and  then  must  be  a candidate  to  minimize  Miij{zi,  Z2).  In 
addition,  the  bounds  for  02  [7]  are  the  bounds  for  02  [j]  and  are  candidates  to  minimize 
Afiq(0i,02). 
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Using  a similar  argument,  the  path  defined  by  indices  i and  j'  is  a longest  path 
in  the  network  and  Mij{z\  [i] , Z2  [i])  = Miji{z\  [z] , 22  [;']),  or  the  length  of  the  longest 
path  defined  by  feasible  indices  i and  j is  equal  to  the  length  of  the  longest  path 
defined  by  feasible  indices  i and  j'.  □ 

Theorem  12  in  fact  states  that  for  every  minimized  longest  path  defined  by  feasible 
indices  i and  j,  i < j,  such  that  i — > i'  with  i'  < j and  such  that  j — > j'  with  i < j\ 
there  exists  alternate  longest  paths  of  equal  length  in  the  network.  These  alternate 
longest  paths  are  defined  by  feasible  indices  i'  and  j,  feasible  indices  i and  j',  and 
feasible  indices  i'  and  j',  if  i'  < j'.  This  is  illustrated  in  Figure  3.14.  Figure  3.14 
gives  the  level  set  of  Mz{zi,  Z2),  the  function  for  the  makespan  of  the  instance  of 
m/CV/ll/C/3  lot  streaming  problem  with  four  feasible  indices.  In  this  figure,  the 
region  labeled  a denotes  the  region  defined  by  max(Mn,  A/33)  while  the  region  labeled 
^ denotes  the  region  defined  by  max(  A/33,  A/ee)  and  the  region  labeled  q denotes 
the  region  defined  by  max(A/n,  A/33,  A/44,  A/ee).  In  this  instance  of  the  problem,  the 
feasible  indices  are  1,  3,  4 and  6.  In  Figure  3.14,  the  regions  where  the  path  defined  by 
feasible  indices  i and  j,  i < j,  is  the  longest  in  the  network  are  labeled  Mij.  Because  of 
Lemma  10,  the  minimum  value  of  each  A/q(2i,  22)5  where  i < j,  must  occur  at  one  of 
the  corners  of  the  box  labeled  Mij.  However,  because  of  Lemma  10  and  Theorem  12, 
when  i = j,  the  minimum  value  of  A/q(2i,22)  must  occur  at  either  the  lower  left 
corner  or  the  upper  corners  of  the  boxes  labeled  A/,j.  For  example,  in  Figure  3.14, 
the  minimum  value  of  A/33  can  not  occur  at  the  point  labeled  A.  This  is  because 
A/33  borders  the  point  A and  feasible  index  3 points  to  feasible  indices  1 and  4,  or 
3 — > 4 and  3^1.  However,  the  regions  A/13  and  A/34  do  not  border  the  point  A. 
Since  these  regions  do  not  border  point  A,  the  functions  A/i3(2i,22)  and  A/34(2],22) 
are  not  longest  paths  when  evaluated  at  this  point.  As  a result,  by  Theorem  12,  the 
minimum  value  of  M^s{z\,Z2)  can  not  occur  at  point  A.  However,  the  minimum  value 
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Figure  3.14.  Level  Set  of  Mg{zi,Z2). 
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of  M^2,{z\iZ2)  can  occur  at  point  B since  the  regions  M\z  and  M34  border  this  point. 
Furthermore,  as  a direct  result  of  Theorem  12,  no  minimum  value  of  Mij{zi,  22),  i = i, 
occurs  in  the  regions  labeled  with  the  function  max().  Recall  that  the  only  longest 
paths  that  are  defined  in  these  regions  are  longest  paths  defined  such  that  i = j.  Since 
only  these  longest  paths  are  defined  there,  and  since  the  minimum  of  these  longest 
paths  can  not  occur  in  these  regions,  they  will  not  contain  the  optimal  makespan  and 
need  not  be  considered  when  searching  for  the  optimal  makespan. 

Given  this  fact,  one  method  of  finding  the  optimal  makespan  is  to  first  find  the 
set  of  all  feasible  indices  that  defines  longest  paths  in  the  network  representation  of 
the  m/C/II/CV/3  lot  streaming  problem.  Then,  identify  each  path  defined  by  a pair 
of  these  indices  i and  j,  i < j,  as  a longest  path  in  the  network.  Next,  for  each  longest 
path  in  the  network,  evaluate  Mij{zi,Z2)  with  Zi  [z]  and  22  \j]  set  at  their  respective 
lower  and  upper  bounds  given  in  Theorems  8 and  9.  By  Lemma  11,  the  bounds  on  Zi  [f] 
are  formed  by  the  feasible  index  i and  an  adjacent  feasible  index.  Also,  by  Lemma  11, 
the  bounds  on  22  [?]  are  formed  by  the  feasible  index  j and  an  adjacent  feasible  index. 
The  smallest  of  these  values  for  each  longest  path  gives  the  minimized  path  length. 
Finally,  after  enumerating  and  minimizing  every  longest  path  in  the  network,  identify 
the  minimum  of  all  minimized  longest  paths  as  the  optimal  makespan.  The  procedure 
given  below  follows  this  outline  to  find  the  optimal  makespan  of  the  m/C/II/CV/3 
lot  streaming  problem. 

m/C/II/CV/3  Search  Algorithm  A 

1.  Use  Feasible  Index  Search  Algorithm  to  find  the  set  of  r feasible  indices 
in  the  m/C/II/CV/3  problem  and  denote  these  indices  21,^2,  ■ • ■ 
where  < *2  < • • • < U?  and  where  ik  and  ^^;+l  are  adjacent  feasible 
indices  where  k = 1,2,  ...,r  — 1. 


2. 


Let  M = 00. 


3.  For  s = 1 , r — 1 
For  t — s,r  — \ 
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T{lsi  *s+l  1) 
F(is  + 1,  *s+i) 

T(it,  it+\  — 1) 
T{it  + 1,  it+i) 


If  (21,22)  < M 


M = Mi,i,(2i,22) 


2i  = 2i 


2;  = 22 


Endfor 

Endfor 

4.  The  optimal  sublot  sizes  are 


Xi  = 


'1^2 


2*2*  + 22*  + 1 


X2  = 


X3  - 


^2^1  + -^2  + 1 

1 

22*2i*  + 22*  + 1 


and  optimal  makespan  is  M. 
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Although  m/C/H/CV/3  Search  Algorithm  A finds  the  optimal  solution  of  the 
m/C/II/CV/3  lot  streaming  problem,  it  is  not  an  efficient  algorithm.  It  performs 
an  exhaustive  search  for  the  optimal  solution  over  each  pair  of  feasible  indices  i and 
j,  * < j-  In  the  network  representation  of  the  m/C/II/CV/3  lot  streaming  problem, 
there  are  m(m  + l)/2  paths  in  network  and,  therefore,  potentially  0{m^)  pairs  of 
feasible  indices.  As  a result,  m/C/II/CV/3  Search  Algorithm  A is  a 0{m^)  algorithm 
and  more  efficient  algorithms  are  desired. 

In  order  to  develop  a more  efficient  algorithm,  Theorem  12  is  utilized  once  again. 
Consider  the  minimized  length  of  the  path  defined  by  the  indices  i and  j.  If  i > i', 
with  i'  < j and  j j'  with  i < /,  Miji{zi,  Z2)  and  Miij{zi,Z2)  are  longest  paths  in  the 
network  when  evalutated  at  Zi  = — l)/T{i  + l,f')  and  Z2  — T{j,j'  — 1)/T{j  + 

1,  j').  Also,  if  i'  < j',  Miiji  is  also  a longest  path  in  the  network  when  evaluated  at  these 
points.  Since  all  these  longest  paths  have  the  same  length,  the  path  defined  by  the 
feasible  indices  i and  j can  be  replaced  with  any  one  of  these  alternate  longest  paths. 
In  other  words,  instead  of  Mij{zi,Z2)  representing  the  makespan  at  the  point  (zi,Z2), 
either  Miji{zi,  22)?  Mi'j{zi,  Z2)  or  22)?  if  i'  < can  represent  the  makespan  at 

this  point.  If  this  is  done,  the  alternate  longest  path  can  then  be  minimized  by  setting 
2i  and  22  to  their  respective  lower  or  upper  bounds  that  minimizes  the  alternate  path 
length. 

To  see  this,  assume  that  the  minimum  value  of  M,j(2i,  22)  occurs  at  Z\  = T(f,  i'  — 
l)/T(f  + l,f')  and  22  = — Now,  consider  the  longest  path  defined 

by  feasible  indices  i'  and  j,  Mi>j{z\,  22).  By  Theorem  12,  the  length  of  the  longest  path 
defined  by  the  indices  i'  and  j,  Miij{z\  [«'] , 22  [/]),  can  be  minimized  over  the  range  of 
z\  [f']  with  22  = l)/T{j  + Let  z^  [i']  be  the  value  of  21  [i']  that  minimizes 

Miij{zi,  Z2)  in  the  zi  direction.  If 


[f'] , z;  [f])  < M,j{zl  \i] , z;  [j]). 
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the  minimized  longest  path  defined  by  the  indices  V and  j is  shorter  than  the  mini- 
mized longest  path  defined  by  the  indices  i and  j.  If  this  is  the  case,  the  feasible  index 
i should  be  discarded  and  updated  to  i'.  Next,  the  longest  path  defined  by  the  indices 
i'  and  j should  be  accepted  as  a new  minimized  longest  path  and  the  new  makespan 
of  the  problem.  Note  that  the  minimized  longest  path  defined  by  feasible  indices  i' 
and  j is  less  than  or  equal  to  the  minimized  longest  path  defined  by  feasible  indices 
i and  j,  or 

[f'] , 2;  [/])  < Mq-(2*  [i] , 2;  [j]), 

because  by  Theorem  12 

[i'] , 22  [j])  = Mij{zr  [f] , 2;  [j]) 

for  2i  [i'j  = 2i  [f] . Then,  the  minimized  length  of  the  path  defined  by  feasible  indices 
i'  and  j is  at  least  as  small  as  the  minimized  length  of  the  path  defined  by  feasible 
indices  i and  j.  Because  the  path  defined  by  the  indices  i'  and  j is  a longest  path 
whose  length  is  smaller  than  the  previous  longest  path,  the  index  i can  be  updated  to 
i'  and  new  alternate  longest  paths  can  be  located  and  minimized.  This  process  can 
be  continually  repeated  until  a local  minimum  in  the  direction  of  2i  is  located. 

A local  minimum  in  the  direction  of  Z\  occurs  when  the  minimization  of  Miij{zi,  22) 
indicates  that  2j  [f']  = 2i  [f] . This  value  of  2i  gives  is  a local  minimum  in  the  direction 
of  2i  because 

[f] , 2;  \j])  = Mi>j{zl  [f'] , Z2  [j]), 

with  2i  [f]  = 2j  [i'j . As  a result,  moving  21  away  from  21  [i]  into  the  region  where 
Mij[zi,Z2)  is  the  length  of  the  longest  path  only  increases  Mij{zi,  Z2).  (Note  that, 
M,/j(2i,  22)  is  not  a longest  path  in  this  region.)  Likewise,  moving  21  away  from  z^  [f'j 
into  the  region  where  Miij[zi,  Z2)  is  the  length  of  the  longest  path  will  only  increase 
Mi'j{zi^  22).  (Again,  Mij{zi,Z2)  is  not  a longest  path  in  this  region.)  A similar  analysis 
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and  argument  exists  for  minimizing  the  length  of  the  longest  path  defined  by  the 
feasible  indices  i and  j'  or  for  minimizing  Miji{z\,Z2)  in  the  direction  of  Z2- 

When  [^■] , z^  [j])  = Mi>^{z;  [i'] , 2*  [/])  = Miji{zl{i,j'),  z;{t,j'))  with  z;{ij)  = 

and  z^ii,])  = Z2(i',j)  = a local  minima  of  M^{zi,Z2)  is 

located.  This  occurs  because  the  makespan  can  not  be  improved  any  further  by  mov- 
ing in  the  directions  of  Z\  or  Z2.  Unfortunately,  at  this  juncture,  there  is  no  guarantee 
that  this  local  minima  is  a global  minima  or,  alternatively,  that  no  other  index  pair 
i and  j,  i < j,  exists  such  that 


< Mij{z;\i],z;[j]). 


The  following  theorem  provides  this  guarantee.  It  shows  that  if  Xi,  X2  and  X3  is  a 
local  extremum  of  fM{xi,X2,xs),  its  corresponding  set  of  values  for  Zi  and  Z2  is  a 
local  extremum  of  Mz{zi,Z2)  and  vice-versa. 


Theorem  13  The  vector  z*  of  sublot  ratios  is  a local  extremum  of  Mz{zi,Z2)  if  and 
only  if  the  vector  of  sublot  sizes  x*  is  a local  extremum  of  ^2,  ^3)- 

Proof:  Let  x*  be  a local  extremum  of  fM{xi.,X2,X3).  Then,  there  exists  an  epsilon 
neighborhood  of  x*,  N^{x*),  such  that  for  every  x G N^{x*),  either  fM{xt,X2,x'^)  < 
X2,Xs)  or  fM{x'[,X2,xl)  > fM{xi,X2,X3),  where 

N^{x*)  = |x  G I — x*|  < ti  and  e,  > 0 for  z = 1, 2, 3}  . 


For  any  x,  z exists  such  that  Z{  — i = 1,2.  Also,  for  any  x G N^{x*) 

I X{  — X*  |<  ti  for  i = 1,2,3.  Then 


x*^i  — Cj+i  < Xj+i  < -1-  Cj+i 

and  from  this  expression,  the  following  bounds  on  the  reciprocal  of  is  obtained 
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Then  the  bounds  on  the  ratio  of  consecutive  sublot  sizes  are 


X*  — ti  ^ Xi  ^ X*  + 6i 


^*+1  + Ci+1 


X, 


+1 


- e,+i 


or 


Xi 


< Zi  < 


X*  + Ci 


X: 


xj^i  - e,+i 


(3.76) 


+ £i+i 

As  a result,  for  every  x G a vector  z exists  with  each  element  2,  bounded  as 

given  in  Equation  3.76.  From  Theorem  10,  for  every  x this  z is  unique.  Now,  because 
ti  > 0 and  X*  > 0,  exists  such  that 


' * ^ n 


Substituting  e(x*  for  €,•  in  Equation  3.76  results  in  the  following  equation 


X] 


.^i+i 


1 - e' 


1 + 4 


i+l 


< Zi  < 


X; 


^i+1 


1 + el 


t+i 


1 - e( 


t+i 


or 


This  gives 


or 


1 + el 


i+l 


4+1  + 4 


< Zi  < Z: 


1 + 4 


i+1 


1 -4 


1 + 4 


t+1 


4+1  + 4 


< Zi  < 2:*  I 1 + 


i+1. 


e'+i  + t'-^i 


1 - e' 


< Zi~  Z,  < Zi  ^ ^ 


*■+1 


^t+1  + 4 


(3.77) 


1 + e'+i  / y X - 

Then,  for  every  x G A^c(x*)  a unique  z exists  with  it’s  elements  bounded  as  given  in 
Equation  3.77.  Given  this,  a set  of  z's  exist  such  that 


Now,  let 


/4+i  + 4\ 
V1  + 4+J 


< Zi 


Zi  < Zi 


/4+i  + 4\ 
V1  + 4+J 


> 0. 
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From  this 


—Si  < Zi  — z*  < Si 


or 

1 Zi  - Z*\<  Si, 

i = 1,2,  for  each  z.  This  set  is  Ns{z*),  a delta  neighborhood  of  z*,  and  z*  G Ns{z*). 
Since  Mz{z\,Z2)  = fM{xi{z),  X2{z),  X3(z))  for  all  x(z)  and  z,  and  since  fM{x\,  x^,  x’^  > 
fM{Xl,  X2,X3)  or  /m(Xi,x;,X^)  < fM{xi,X2,X3),  for  all  X € A^e(x*),  Mz{zi,Z2)  > 
Mz{z\,  Z2)  or  Mz(zi,Z2)  < Mz{z\,  Z2)  for  every  z G Ns{z*).  Therefore,  z*  is  a local  ex- 
tremum of  ^2(2:1, 22)-  Using  a similar  argument,  if  z is  a local  extremum  of  Mz{zi,  Z2), 
the  corresponding  x is  a local  extremum  of  fM{x\-,X2,X3).  □ 

By  Theorem  13,  a local  minimum  of  Mz{z\,Z2)  corresponds  to  a local  minimum 
of  fM{x\, X2,X3)  and  vice-versa.  However,  fM{x\, X2,X3)  is  the  intersection  of  the 
hyperplanes  fij{x\,  X2,X3),  i < j,  over  the  convex  set 


.Y  = jo;  G -|-  X2  -(-  X3  = 1, 0 < Xi  < 1,  ^ = 1, 2, 3}  . 


As  a result,  X2,  X3)  is  a convex  function.  Consequently,  some  set  of  sublot  sizes, 

x\,  X2,  and  X3,  is  a local  minima  of  fM{xi,X2,X3),  and  must  be  a global  minimum 
of  fM{x\,  X2,X3).  By  Theorem  13,  this  local  and  global  minimum  of 
corresponds  to  a local  minimum  of  Mz{zi,Z2)-  Also,  a local  minimum  of  Mz{zi,Z2) 
is  a local  minimum  and  thus  a global  minimum  of  fM{x\,X2,X3).  Thus,  once  a local 
minimum  of  Mz{zi,  Z2)  has  been  found,  a local  and  global  minimum  of  X2,  X3), 

the  function  for  the  makespan,  has  been  located. 

Now,  a search  can  be  conducted  in  the  directions  of  z\  and  Z2  until  a focal  min- 
imum of  Mz{z\,Z2)  is  located.  By  Theorem  13,  the  set  of  sublot  sizes  x\,  X2  and  X3 
corresponding  to  the  values  of  z\  and  Z2  that  gives  the  local  minimum  of  Mz{z\,Z2), 
gives  a local  and  global  minimum  of  fM{x\,  X2,X3). 
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Theorem  14  indicates  how  this  search  can  be  conducted.  It  gives  conditions  that 
must  be  satisfied  to  decrease  the  makespan  Z2). 

Theorem  14  Let  i and  j,  i < j,  be  feasible  indices  such  that  i — >•  i'  and  j j' 
where  i'  < j and  i < j'.  The  makespan  Mz{z\,Z2)  can  be  decreased  if  and  only  if 
[dMij{zi,  Z2) I dzx){dMi'j{zi,  Z2) I dzi)  < (1  or  if  {dMij{zi,  Z2)  j dz]){dMiji{zi,  Z2) I dzi)  < 

0. 


Proof:  Let  the  machine  indices  i and  j,  i < j,  be  feasible  indices  such  that  i i', 
with  i < and  such  that  j j',  with  j < j'.  By  Lemma  3,  the  machine  indices  i' 
and  j'  are  feasible  indices.  As  a result,  the  paths  defined  by  the  feasible  indices  i and 
j and  the  feasible  indices  i'  and  j are  longest  paths  in  the  network  for  some  set  of 
sublot  sizes  and  for  the  corresponding  set  of  ratios  of  sublot  sizes.  For  these  values  of 
the  ratios  of  sublot  sizes,  z\  and  Z2,  the  makespan  is  equal  to  the  path  lengths  or 

Mz{zx  [i] , 22  [j])  = Mij{zi  [i] , 22  [i]) 


and 


Mz{zi  [z'] , 22  \j])  = Mi.j{zx  [i'] , 22  [j]). 

The  values  of  z(i,j)  for  which  the  path  defined  by  the  feasible  indices  i and  j is  the 

makespan  of  the  problem  are  bounded  as 

, ...  , T{i,h-i) 

T{g  + l,i)  - T{i  + l,k) 

where  g < i < h.  Also,  the  values  of  z{i'^j)  for  which  the  path  defined  by  the  feasible 
indices  i'  and  j is  the  makespan  of  the  problem  or  the  longest  path  in  the  network 
are  bounded  as 

T{g',z'-1)  . ^ ...  . T{i',h'-1) 

T{g'+l,i>)  - J - T{i'  + l,h') 

where  g'  <i'  < h'.  Because  i — > i',  where  i < F, 


mm 


i<h  + T(i  + l,i') 
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By  Lemma  5,  i'  ^ i,  then 


max 

9 


As  a result,  2i  [t]  and  Zi  [*']  are  bounded  as 

nTfM)  ^ w ^ rfirry)  ^ n.' + 1,  ao 

where  g < i < i'  < h'. 

Also,  the  values  of  Z2  [?]  for  which  the  path  defined  by  feasible  indices  i and  j is 
the  longest  in  the  network  are  bounded  as 

m+i,j)  - ^'^'-Tu  + i,k) 

where  I < j < while  the  values  of  Z2  [;]  for  which  the  path  defined  by  feasible 
indices  i'  and  j is  the  longest  in  the  network  are  bounded  as 

l-l  a T(hk-l) 

T(i  + l,k) 

where  I < j < k.  Note  that  the  bounds  on  Z2  [j]  and  Z2  [j]  are  the  same. 

Let  Zi  — — l)/T{i  + l,i')  and  let  Z2  be  either  the  lower  or  upper  bound  on 

Z2  [i] . By  Theorem  12, 

Mij{zi,Z2)  = Mi>j{z-i,Z2) 


or  the  length  of  the  path  defined  by  feasible  indices  i and  j is  equal  to  the  length  of 
the  path  defined  by  feasible  indices  i'  and  j for  these  values  of  Zi  and  Z2-  Since  these 
are  longest  paths  in  the  network,  their  lengths  are  the  makespan  for  the  sublot  sizes 
that  correspond  to  the  ratio  of  sublot  sizes  z\  and  Z2  or 


Mz{Zi,Z2)  = Mij{zi,Z2)  = Mi>j{zi,Z2) 

where  Mz{zi,Z2)  is  the  function  for  the  makespan.  However,  if  Zi  is  increased,  then 
Zi  is  strictly  greater  than  T{i,i'  — 1)/T{i  + l,i')  or 


T{i,i'  - l)IT{i  + 1,?')  < zi. 
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For  values  of  Zi  greater  than  the  path  defined  by  the  feasible 

indices  i and  j is  no  longer  a longest  path  in  the  network.  However,  for 


T{i  + 1,  ^')  - [ T{i'  + 1,  h')  j ’ 

the  path  defined  by  i'  and  j is  still  a longest  path  in  the  network  and 


(3.78) 


M^{Zi,Z2)  = Mi,j{Zi,Z2). 


However,  if  Z\  is  decreased  then  Zi  is  strictly  less  than  — \)lT[i  + l,i')  or 

2i  < 

For  values  of  Z\  less  than  T{i^i'  — l)IT{i  + 1,«'),  the  path  defined  by  the  feasible 
indices  i'  and  j is  no  longer  a longest  path  in  the  network.  However,  for 


fr(^,*-i)]  ^ ^T{i, z'-i) 

9<i  \T{g  + l,^)  j T{t  + l,^') 

the  path  defined  by  i and  j is  still  a longest  path  in  the  network  and 


(3.79) 


M^{zi,Z2)  ^ Mij{Zi,Z2). 

Consequently,  depending  on  the  signs  of  dMij{zi,Z2)ldzi  and  dMiij{zi,Z2)fdzi,  zi 
can  be  increased  or  decreased  to  find  a minimum  of  Mz{z\^Z2)  in  the  direction  of  Z\. 
There  are  nine  cases  corresponding  to  the  signs  of  the  partial  derivatives  of  Mij{z\,Z2) 
and  Mi'j{zi,  Z2). 

Case  1:  if  dMij[z\^Z2)ldzi  < 0 and  dMiij{zi,Z2)fdz\  < 0,  increasing  Zi  decreases 
the  functions  M,j(2i,  22)  and  Miij{z\,Z2).  However,  if  Zi  is  increased  then  z\  is  strictly 
greater  than  T{i,i’  — 1)/T{i  + l,i')  or 

T{i,i'  - l)/T{i  + l,i')  < zi. 

For  values  of  Zi  greater  than  T{i,i'  — 1)/T{i  + l,f'),  the  path  defined  by  the  feasible 
indices  i and  j is  no  longer  a longest  path  in  the  network.  However,  for  z\  bounded 
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as  in  Equation  3.78,  the  path  defined  by  i'  and  j is  still  a longest  path  in  the  network 
or 

Mz{Zi,Z2)  = 

Since  dMiij{zi,Z2)(dzi  < 0,  increasing  zi  to  its  highest  possible  level  decreases 
Miij{z\,Z2)  in  the  direction  of  z^.  The  highest  level  to  which  Zi  can  be  increased 
and  still  maintain  the  path  defined  by  the  feasible  indices  i'  and  j'  as  the  longest  path 
is 

Z\  — mm  < — — > = 

i'<h'\T{l' -\- \,h')  ] ^(^'  + l,^") 

where  i"  is  the  largest  index  that  satisfies  this  equation.  By  Lemma  3,  i'  i"  and  as 
a result,  i"  is  a feasible  index.  Also,  by  Theorem  12,  the  length  of  the  paths  defined 
by  feasible  indices  i'  and  j and  feasible  indices  i"  and  j are  equal.  These  are  longest 
paths  for  the  values  of  Zi  and  Z2,  the  path  lengths  are  the  makespan  of  the  problem 
and 

M^{Zi,Z2)  = M^lj{Zl,Z2)  = Mi,>j{zi,Z2). 

These  path  lengths  are  smaller  than  the  ones  given  previously.  Then,  this  should  be 
the  new  value  for  the  makespan  and  the  feasible  index  i updated  to  i'  and  the  feasible 
index  i'  updated  to  i” . Note  that  decreasing  z\  increases  Mz[z\,Z2)  = Mij{zi^Z2). 
Hence,  in  this  case,  Zi  should  not  be  decreased  to  decrease  the  makespan. 

Case  2:  if  dMij{zi,Z2)ldzi  > 0 and  dMiij{z\^Z2)l dz\  > 0,  decreasing  Z\  decreases 
the  functions  Mij{zi,  Z2)  and  Miij[zi,  Z2).  However,  if  z\  is  decreased,  then  z\  is  strictly 
less  than  T{i,  i'  — 1)/T(f  + 1,  i')  or 

zi  < T[i,i'  - 1)/T(z  + 1,T). 

For  values  of  Z\  less  than  — 1)/T(f  + the  path  defined  by  the  feasible 

indices  i'  and  j is  no  longer  a longest  path  in  the  network.  However,  for  Zi  bounded 
as  in  Equation  3.79,  the  path  defined  by  i and  j is  still  a longest  path  in  the  network 
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and 

M^{zi,Z2)  = Mij{zi,Z2). 

Since  dMij{zi,  Z2)ldz\  > 0,  decreasing  Z\  to  its  lowest  possible  level  decreases  22) 

in  the  direction  of  Z\.  This  level  is 

g<i  \T{g  + l,^)  / T{t"  + 1,?) 

where  i"  is  the  smallest  index  that  satisfies  the  equation.  Note  that  i — >•  i"  and,  as  a 
result,  the  paths  defined  by  the  feasible  indices  i"  and  j and  by  the  feasible  indices 
i and  j are  equal.  These  are  longest  paths  so  for  these  values  of  Zi  and  Z2  the  path 
lengths  are  the  makespan  of  the  problem  or 

Mz{Zi,Z2)  = Mij{Zi,Z2)  = Minj{zi,Z2). 

These  path  lengths  are  smaller  than  the  ones  given  previously.  Then  this  should  be  the 
new  value  for  the  makespan  and  the  feasible  index  i updated  to  i"  and  the  feasible 
index  i'  updated  to  i.  Note  that  increasing  z^  increases  Mz{z\^Z2)  — Mi'j{zi,  Z2). 
Hence,  in  this  case,  Z\  should  not  be  increased  to  decrease  the  makespan. 

Case  3:  if  dMij[zi,Z2)ldz\  < 0 and  dMiij{zi,Z2)(dzi  > 0,  by  Case  1,  zi  should  not 
be  decreased  because  this  increases  Mz{zi,Z2).  By  Case  2,  Zi  should  not  be  increased 
because  this  also  increases  Mz{z\,  Z2).  Then,  this  value  of  z\  is  a local  minimum  of 
Mz{zi,  Z2)  in  the  direction  of  Z\  and  should  not  be  changed. 

Case  4:  if  dMij[z\^Z2)ldz\  = 0 and  dMiij[zi,  Z2)ldzi  > 0,  by  Case  2,  z\  should 
not  be  increased  because  this  increases  Mz{zi,  Z2),  the  makespan.  Now  decreasing  Zi 
does  not  change  the  value  of  the  functions  Mz{z\^Z2)  — Mij[z\^Z2).  Then,  this  value 
of  Zi  is  a local  minimum  of  Mz{z\^Z2)  in  the  direction  of  Zi  and  need  not  be  changed. 

Case  5:  if  dMij{zi,Z2)/dzi  < 0 and  dMiij{zi,Z2)/dz\  — 0,  by  Case  1,  Z\  should 
not  be  decreased  because  this  increases  Mz{z\^  22),  the  makespan.  Now,  increasing  Z\ 
does  not  change  the  value  of  the  functions  Mz[z\,Z2)  = Miij{zi,Z2)  in  the  range  of 
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values  of  bounded  as  in  Equation  3.79.  Then,  this  value  of  z\  is  a local  minimum  of 
Mz{zi,Z2)  in  the  direction  of  Zi  and  need  not  be  changed. 

Case  6:  if  dMij{z\,  Z2)f  dzi  > 0 and  dMiij{z\^Z2)l  dz\  < 0,  decreasing  Z\  decreases 
the  functions  Mz{z\^Z2)  = Mij{zx^Z2).  Also,  increasing  z\  decreases  the  functions 
Mz[z\,Z2)  = Miij{zi,Z2)-  This  implies  that  Mz{z\,Z2)  is  a local  maximum  in  the 
direction  of  Zi.  However,  by  Theorem  13,  a local  maximum  of  fM{x\iX2iX^)  is  a local 
maximum  of  Mz{z\^Z2)  and  vice-versa.  However,  fM(xi,X2,X3)  is  a convex  function 
and  no  local  maximum  of  2:2, X3)  exists  consequently,  no  local  maximum  of 

Mz{z\,Z2)  exists.  As  a result,  this  condition  can  not  occur. 

Case  7:  if  dMij{zi,Z2)fdzi  > 0 and  dMiij{zi,Z2)/dzi  = 0,  decreasing  zi  decreases 
the  functions  Mz{zi,Z2)  = Mij{zi,  Z2).  However,  decreasing  or  increasing  z\  does  not 
change  the  functions  Mz{zi,Z2)  = Mi'j^zi,  Z2).  As  a result,  decreasing  Z\  = 
results  in  the  expression 

Mz{Zx,Z2)  = Mij{Zi,Z2)  < M,>j{zi,Z2). 

This  contradicts  the  fact  that  the  path  defined  by  the  feasible  i and  j is  a longest 
path  in  the  network  for  Zi  < — 1)/T(i  + l,i').  Hence  this  situation  can  not 

occur. 

Case  8:  if  dMij[zx,  Z2)/dzi  = 0 and  dMiij(zi,  Z2)ldz\  < 0,  decreasing  or  increasing 
Zi  does  not  change  the  value  of  the  functions  Mz{zi,  Z2)  = Mij{zi,Z2).  Also,  increasing 
Zi  decreases  the  function  Mz{zi,Z2)  = Miij{zx,  Z2).  Then,  increasing  Zi  results  in  the 
following  expression 

Mz{zi,Z2)  = Mi>j{zx,Z2)  < Mij{zi,Z2). 

This  contradicts  the  fact  that  the  path  defined  by  the  feasible  i'  and  j is  a longest 
path  in  the  network  for  T{i,i'  — 1)/T{i  + 1,*0  ^ Then,  this  situation  can  not 


occur. 
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Case  9:  if  dMij(zi,  Z2)ldz\  = 0 and  dMiij{zi,Z2)/dzi  = 0,  decreasing  or  increasing 
Zi  does  not  change  the  values  of  the  functions  Mij{zi,  Z2)  and  22).  As  a result, 

Mz{zi^Z2)  is  unchanged  over  these  values  of  Zi.  Then,  this  is  a local  minimum  of 
Mz{zi^Z2)  in  the  direction  of  z^. 

Similar  requirements  can  be  developed  for  minimizing  Mz{z\,Z2)  in  the  direction 
of  Z2  by  updating  Mij{zi,Z2)  with  Mq/(2i,Z2)-  ^ 

Theorem  14  indicates  that  the  partial  derivatives  of  Mij(zi,Z2)  and  Mi>j{zi,Z2) 
determine  if  the  makespan  can  be  decreased.  Using  this  theorem,  a local  minimum 
of  Mz{zi,Z2)  can  be  found.  Once  a minimum  of  Mz{zi,Z2)  has  been  located  in  the 
directions  of  Zi  and  22,  a minimum  of  AIz{zi^Z2)  has  been  located,  and  thus  a local 
and  global  minimum  of  fM{xi,X2,X3)  has  been  located. 

The  algorithm  given  below  encapsulates  all  of  the  details  outlined  above  to  find  a 
local  minimum  of  Mz{zi,Z2)  and  thus  an  optimal  solution  to  the  m/C/lI/CV/3  lot 
streaming  problem.  It  searches  for  machine  indices  that  are  feasible  indices  and  thus 
define  longest  paths  in  the  network  representation  of  the  problem.  Then  it  searches 
for  a local  minimum  of  ^2(21,  22)  in  the  directions  of  z\  and  22.  Once  indices  that 
results  in  a minimized  path  length  that  is  smaller  than  or  equal  to  those  given  by  any 
adjacent  feasible  indices  have  been  found,  the  values  of  Xi,X2,  X3  and  the  makespan  are 
calculated.  These  are  the  optimal  sublot  sizes  and  the  optimal  makespan,  respectively. 
If  the  current  feasible  indices  do  not  meet  these  requirements,  they  are  updated  with 
adjacent  feasible  indices  and  the  search  for  a local  minimum  of  4/2(21,22)  continues. 
In  the  algorithm  below,  the  following  definitions  are  utilized,  c,  = T(l,i)  — T{i,m), 
aij  = T{l,i)  - T(j,m)  and  6q-  = T{i,j)  - T{j,m). 

m/C/II/CV/3  Search  Algorithm  B 

1.  Perform  Feasible  Index  Search,  to  obtain  the  r feasible  indices  in  the 
m/C/II/CV/3  lot  streaming  problem.  Denote  these  indices  ii,  Z2,  • • • , U? 
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where  z’l  < *2  < . . . < ir-,  and  where  ik  and  are  adjacent  feasible 
indices  for  k = 1,2,  — 1.  Let  ii,he  the  index  of  the  machine  with 

the  largest  processing  time.  \i  ii  < m,  then  set  s — L and  t = L, 
else  set  s = L — 1 and  t = L — 1.  Let 

1) 

T{is  + 1,  ^s+i) 

^ _ T[it,  ifj^i  — 1) 

T{it  + 1,  i<+i) 

and  go  to  Step  3. 


2a.  Set 


and  go  to  Step  4. 


T{lsi  *s-|-l  1) 

T{is  + 1,  *s+i) 


2b.  Set 

^ itj^i  — 1) 

T{it  + 1,  «x4.i) 

3.  If  dMi^i,{z-i,Z2)/dzi  < 0 and  dMi^_^_^i^{zi,Z2)/dzi  < 0 
set  s = s + 1 or 


if  dMi^i^{zi,Z2)ldzi  > 0 and  dMi^_^,^i,{zi,  Z2)/dzi  > 0 
set  s = s — 1 and  go  to  step  2a. 


4.  If  dMi,i,{zi,Z2)/dz2  < 0 and  dMi^i^_^,^{zi,  Z2)/dz2  < 0 

set  t = t + 1 or 

if  dMi^i,{zi,Z2)ldz2  > 0 and  Z2)ldz2  > 0 

set  t = t — 1 and  go  to  step  2b. 

5.  The  optimal  sublot  sizes  are 

21^2 

Xi  — 

Z\Z2  + ^2  + 1 
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2^2 

^2  = ^ TT 

Z\Z2  + ^2  + 1 

1 

X3  = 

21^2  + •2^2  + 1 

and  the  optimal  makespan  is  M = XiT{\^  ^^s)+a;2^(^s,  m). 

The  complexity  of  this  algorithm  is  0{m?).  However,  this  complexity  arises  from  the 
procedure  used  in  Step  1 to  find  the  feasible  indices  in  the  problem.  Once  the  feasible 
indices  are  determined,  the  optimal  makespan  is  found  in  0{m)  operations.  If  the 
only  feasible  indices  in  the  problem  are  machine  indices  1 and  m,  this  algorithm  op- 
erates in  linear  time.  Also,  note  that  m/C/II/CV/3  Search  Algorithm  A minimizes 
every  longest  path  in  the  network  while  m/C/II/CV/3  Search  Algorithm  B only  min- 
imizes a fraction  of  all  longest  paths  in  the  nework.  This  being  the  case,  in  general, 
this  m/C/II/CV/3  Search  Algorithm  B finds  optimal  solutions  to  m/C/lI/CV/3  lot 
streaming  problem  in  fewer  operations  than  m/C/II/CV/3  Search  Algorithm  A.  Fi- 
nally, if  an  0{m)  algorithm  is  obtained  to  find  the  feasible  indices  in  the  m/C/II/CV/3 
lot  streaming  problem.  Search  Algorithm  B becomes  an  0{m)  algorithm. 

3.6  The  m/C/II/CV/n  Lot  Streaming  Problem 

In  the  previous  section,  methods  of  obtaining  solutions  to  the  m/C/II/CV/2  and 
m/C/II/CV/3  lot  streaming  problems  are  provided.  In  this  section,  algorithms  that 
provide  optimal  solutions  to  the  m/C/II/CV/n  lot  streaming  problem  are  given. 
These  algorithms  are  generalizations  of  the  algorithms  provided  for  the  2 and  3 sublot 
lot  streaming  problems. 

In  the  m/C/II/CV/2  problem,  the  optimal  sublots  sizes  are  of  the  form 

z 

m 

1 


X2  = 
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for  some  z that  must  be  determined.  For  the  m/C/II/CV/3  problem,  the  optimal 
sublots  sizes  are  of  the  form 

Z\Z2 


Xi 


X2  = 


Z1Z2  Z2  1 
Z2 

Z1Z2  Z2  1 

1 

^3  — TT 

Z1Z2  + .^2  + 1 

where  Zi  and  Z2  also  must  be  determined.  Given  the  forms  of  the  optimal  sublot 
sizes  for  the  m/C/II/CV/2  and  m/C/II/CV/3  problems,  it  can  be  deduced  that  the 
optimal  sublot  sizes  for  the  m/C/II/CV/n  problem  are 

nn— 1 
J=1 

= ^n-1  rrn-1 


UU  Z,  + 1 


Xi  = 


nn— 1 


u:l  uu  + 1 


1 

T~T7l  — 1 , 1 

Lfc=i  + 1 

where  Xj  is  the  size  of  sublot  j.  However,  the  expressions  for  the  sublot  sizes  can 
be  derived  by  defining  Zj  as  the  ratio  of  sublot  j to  sublot  + 1,  or  Zj  = Xj/xj^i, 
j = l,...,n  — 1,  and  solving  the  system  of  equations  consisting  of  these  equations 
and  the  equation 

3^1  + ^2  + • • • + Xn-i  + = 1, 


that  constrains  the  sum  of  all  sub  lot  sizes  to  be  equal  to  the  entire  lot.  As  in  the  2 
and  3 sublot  problems,  one  key  to  finding  an  optimal  solution  of  the  m/C/II/CV/n 
problem  is  finding  the  values  of  the  zj's  that  form  the  optimal  sublot  sizes. 

The  m/C/II/CV/n  lot  streaming  problem  has  a network  representation  that 
is  shown  in  Figure  3.1.  In  the  network  representation,  node  (*,j)  represents  the 
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completion  time  of  sublot  j on  machine  i.  For  a given  vector  of  sublot  sizes  x = 
{xi,X2, . . . ,Xn)^ , where  xj  is  the  size  of  sublot  j,  the  length  of  the  longest  path  in 
the  network  is  the  makespan  of  the  lot  streaming  problem  for  that  vector  of  sublot 
sizes.  The  goal  of  the  lot  streaming  problem  is  to  find  the  sublot  sizes  that  gives  the 
minimal  longest  path  in  the  network  and  to  find  the  length  of  this  minimal  longest 
path. 

In  order  to  find  the  minimal  longest  path,  a characterization  of  the  paths  in  the 
network  is  needed.  This  characterization  is  provided  by  Definition  4 where  each  path 
in  the  network  is  defined  by  a set  of  machine  indices  in  the  lot  streaming  problem. 

Definition  4 Let  ij,  j = 1, 2, . . . , n — 1,  denote  a machine  index  in  the  m/C/II/CV/n 
lot  streaming  problem.  The  set  of  machine  indices  /, 

I *n— 1 } 

where  ij  < = 1, . . . , n—2,  defines  the  path,  denoted  P{I),  that  crosses  over  from 

column  j to  j + 1 in  the  network  representation  of  the  m/C/U/CV/n  lot  streaming 
problem  at  node  (ij,j),  j = 1, . . . , n — 1.  This  path,  P{I),  also  traverses  the  sequence 
of  nodes  j)  through  (ij,j),  j = 1, . . . , n,  where  io  = 1 and  in  = m. 

Because  of  Definition  4,  the  node  labeled  {ij,j)  on  the  path  P{I)  is  a crossover  node: 
so  called  since,  at  this  node,  the  path  crosses  over  from  column  j to  column  j + 1 
in  the  network.  The  length  of  this  path  for  a given  vector  of  sublot  sizes  x,  denoted 
Tp(/)(x),  is  expressed  as 

n 

j=i 

where  T{k,  I)  = pi  if  k < / and  T(k,l)  = 0 if  k > 1.  The  constant  pi  is  the  time 
needed  to  process  an  entire  lot  on  machine  i.  (Note  that  Tp(/)(x)  is  a hyperplane  in 
i?".)  If  this  path  is  the  longest  in  the  network  for  a given  vector  of  sublot  sizes,  its 
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length  is  the  makespan  of  the  lot  streaming  problem  for  that  vector  of  sublot  sizes. 
When  this  is  the  case,  the  expression  for  the  makespan  of  the  problem,  Mj,(x),  is 

M^(x)  = Xp(/)(x). 

In  general,  the  makespan  of  the  lot  streaming  problem  is 

A4(x)  = maxLp(/)(x) 
l£h 

where  the  set  K contains  every  combination  of  n — 1 machine  indices  {ii,  *25  • • • , *n-i } 
such  that  ij  < ij+i,  j = 1, 2, . . . , n — 2.  Based  on  this  expression,  the  function  for  the 
makespan  of  the  m/C/II/CV/n  lot  streaming  problem  is  the  upper  envelope  of  the 
intersection  of  the  hyperplanes  Z/p(/)(x),  / G K.  Also,  the  makespan  Ma;(x)  is  defined 
only  in  the  domain 

Ad  = {x  G + a;2  + ■ • • + = 1,  0 < Xj  < 1,  j = l,...,n} 

since  the  sublot  sizes  must  sum  to  the  entire  lot.  As  a result,  the  optimal  makespan 
M*  is  expressed  as 

M*  = min  Mx{x). 

xgA'p 

The  domain  Ad  is  a convex  set  in  i?”.  Also,  since  Mx{yi)  is  the  upper  envelope  of 
the  intersection  of  hyperplanes,  it  is  a convex  function  over  the  convex  set  Ad-  The 
goal  in  solving  the  lot  streaming  problem  is  to  minimize  a convex  function  over  the 
convex  set  Ad-  Alternatively,  the  optimal  makespan  M*  is  expressed  as 

M*  = min  max Tpfn(x). 

xGAd  leK 

Here,  the  m/C/II/CV/n  lot  streaming  problem  is  formulated  as  a mini-max  problem. 

A first  step  in  solving  the  m/C/II/CV/n  lot  streaming  problem  is  finding  con- 
ditions under  which  the  path  defined  by  any  set  of  n — 1 machine  indices  I G K 
is  a longest  path  in  the  network  or,  alternatively,  finding  conditions  under  which 
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Mx{x)  = Lp(/)(x)  for  a given  vector  of  sublot  sizes  x.  As  shown  by  Theorem  15  given 
below,  if  P{I)  is  a longest  path  in  the  network  for  some  vector  of  sublot  sizes  x,  a 
vector  z = {zi,Z2, . . . 1 Zn-i)  must  exist  and  each  element  of  z must  be  bounded  in  the 
following  manner,  if  ij-i  < ij  < 


T(i+l,sj) 


(3.80) 


where  Zj_i  < f < ij  — 1 with  ij  ^ 1 and  + 1 < i'  < ij-^i  with  ij  ^ m, 
or  if  tj—x  — tj 


^3  ^ T(tj+l,i>) 


(3.81) 


where  ij  + 1 < i'  < ij+i  with  ij  / m, 
or  if  ij_i  < ij  = ij^i 


< 2- 


(3.82) 


where  ij_i  < i < ij  — 1 with  ij  / 1 for  each  index  ij  € I,  j = 1, 2 . . . , n — 1.  Each 
Zj  is  the  ratio  of  consecutive  sublot  sizes  Xj  and  Xj+i.  Equations  3.80,  3.81  and  3.82 
give  bounds  on  each  ratio  of  consecutive  sublot  sizes  Zj,  j = 1, . . . , n — 1.  If  P{I)  is 
a longest  path  in  the  network  for  the  sublot  sizes  or  Xj’s  that  result  in  the  values  of 
the  2j’s,  every  Zj  must  be  within  its  corresponding  bounds  given  by  Equations  3.80, 
3.80  and  3.81.  If  for  any  index  ij  G I the  upper  bound  on  Zj  is  less  than  its  lower 
bound,  the  set  of  indices  / can  not  define  a longest  path  in  the  network  and  P{I)  is 
never  a longest  path  in  the  network.  This  can  only  occur  in  Equation  3.80.  If  this 
occurs,  ij  is  never  a member  of  a set  of  indices  that  defines  a longest  path.  Also,  in 
order  for  P{I)  to  be  a longest  path  in  the  network,  Zj  must  satisfy  the  bounds  given 
by  Equations  3.81  and  3.82. 


Theorem  15  If  the  set  of  I = {^l,  ^2, . . • , in-i } , where  ij  < ij^i  for  j = 1, . . . , n — 2, 
defines  a longest  path  in  the  network  representation  of  the  m/C/II/CV/n  lot  stream- 
ing problem  for  some  vector  x of  sublot  sizes,  the  ratio  of  sublot  Xj  to  Xj^i,  denoted 


Ill 


Zj,  must  be  bounded  as 


1)  <"  7.  <" 

T(i+l,ij)  ^ ^ T(ij+l,i>) 


if  ij-i  < ij  < ij^i  where  < i < ij  — 1 with  ij  / 1 and  ij  + 1 < < ij+i  with 

ij  / m, 
or  bounded  as 

- T(i,+l,i') 

if  ij-i  = ij  < ij^i  where  ij  + 1 < i'  < ij+i  with  ij  ^ m, 
or  bounded  as 

r(i,8j— 1)  ^ 

if  ij_i  < ij  = ij^i  where  ij_i  < i < ij  — 1 with  ij  ^ 1 for  each  index  ij  G /, 
;■  = l,2...,n  - 1. 

Proof:  Let  I = {ii,  . . . , i„_i}  define  a longest  path  in  the  network.  If  P{I)  is 
indeed  the  longest  path  in  the  network,  the  following  inequality  must  be  satisfied; 


(3.83) 


k=\ 


k-l 


n 

^ ^ T^^k—\i^k)^k 
fc=j+l 

for  j = l,...,n  — 1,  ij_i  < i < ij  — 1 and  ij  ^ 1.  When  ij  — 1,  the  right  hand  side  of 
this  inequality  is  undefined.  Equation  3.83  simplifies  into  the  inequality 

T{ij—iiij)xj  ^ T {ij—i^i^x j -|-  T{i^ij  l)3:j.^i 

that  is  simplified  further  to  give 

T[i  + l,ij)xj  > T{i,ij  — l)a:j+i 

and  finally  results  in  the  following  lower  bound  on  the  ratio  of  sublot  sizes, 


^i+i 


- ni+hij) 


(3.84) 


112 


for  j = 1, . . . , n — 1,  ij_i  < i — 1 and  ij  ^ 1. 

In  order  for  -P(/)  to  be  the  longest  path  in  the  network,  the  following  inequality 
also  must  be  satisfied; 

n j 

'^T{ik-i,ik)xk  > ^ -I-  (3.85) 

k=l  k=l 

T{tj  + l,i)xj  + + 

n 

^ ^ T ^k}x 
k=j+2 

for  j = 1, . . . , n — 1,  4 + 1 < ^ < 4+1  ^nd  ij  ^ m.  When  4 = fn,  the  right  hand  side 
of  this  inequality  is  undefined.  Inequality  3.85  is  simplified  to  obtain 

r(4,4+i)aij+i  > r(4  + i,i)xj  + r(44+i)a:j+i 

that,  in  turn,  results  in  the  inequality 


T{ij,i  — l)arj+i  > T(4  + l,4^i- 


This  inequality  then  gives  the  following  upper  bound  on  the  ratio  of  sublot  sizes 

(3.86) 


Xi 


Xj^l 


< T{ij,i-1) 
- T(i,+l,i) 


for  ji  = 1, . . . , n — 1,  4 + 1 < * < 4+1  4 7^ 

Equation  3.84  states  that  each  ratio  of  consective  sublot  sizes  must  be  greater 
than  or  equal  to  some  bound  if  the  path  P{I)  is  a longest  path  in  the  network. 
Equation  3.86  implies  that  each  ratio  of  consecutive  sublot  sizes  must  be  less  than 
or  equal  to  some  bound  if  P{I)  is  longest  path  in  the  network.  Using  the  definitions 
4 = = 1)  • • • 5 11  — 1,  and  inequalities  3.84  and  3.86,  the  following  inequalities 

that  bound  the  ratio  of  consecutive  sublot  sizes  is  obtained,  if  4-i  < 4 < U+i 


T{i+l,y)  ^ ^ T(,_,+l,«') 


(3.87) 


where  4_i  < i < 4 — ^5  U / 1 4 + ^ — U+I5  U 7^  if  U-i  = U < U+i 


4 < 


(3.88) 
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where  ij  + 1 < ^'  < ij+i,  ij  ^ m,  or  if  ij^i  < ij  = 


where  < i < ij  — 1-,  ij  ^ 1.  □ 

The  index  ij  satisfies  Equation  3.80  if  the  lower  bounds  in  the  following  inequality 
is  less  than  or  equal  to  the  upper  bounds  on  Zj  for  < i < ij  < i'  < ij^\. 


1)  <C  y <C 

T(t+l,tj)  ^ T(ij+l,i>) 


(3.90) 


Theorem  15  indicates  that  every  index  ij  in  the  set  I such  that  tj_i  < ij  < ij^i 
must  satisfy  Equation  3.80  if  the  path  P{I)  is  a longest  path  in  the  network.  When 
ij-i  = ij  < ij+i  or  when  < ij  = ij+\,  the  variable  Zj  can  always  be  set  to 
satisfy  Equations  3.81  and  3.82.  If  this  is  the  case,  each  machine  index  ij  G /, 
j = 1,2, ...  ,n  — 1,  can  help  define  a longest  path  in  the  network.  In  general,  these 
indices  are  different  for  each  instance  of  the  lot  streaming  problem.  Consequently,  in 
order  to  find  longest  paths  in  the  network,  a method  of  determining  which  machine 
indices  help  define  a longest  path  is  needed  to  solve  the  lot  streaming  problem.  As 
shown  by  Lemma  12,  machine  indices  1 and  m are  always  two  of  these  indices.  The 
proof  of  this  lemma  is  given  in  Appendix  A. 


Lemma  12  Machine  indices  1 or  m,  along  with  an  appropriate  set  of  machine  indices^ 
always  help  define  longest  paths  in  the  network  representation  of  the  lot  streaming 
problem. 


Theorem  15  provides  necessary  conditions  for  the  path  P{I)  to  be  the  longest  in 
the  network  for  a given  vector  of  sublot  sizes  and,  equivalently,  for  the  set  of  indices 
7 to  define  a longest  path  in  the  network.  However,  in  order  to  find  longest  paths  in 
the  network,  sufficient  conditions  for  a set  of  indices  1 to  define  a longest  path  for  a 
vector  of  sublot  sizes  are  also  needed.  Equivalently,  sufficient  conditions  are  needed 
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for  ij  € /,  j = 1, 2, . . . , n — 1,  to  be  a member  of  /,  a set  that  defines  a longest  path 
in  the  network.  Before  these  conditions  can  be  established,  another  set  of  necessary 
conditions  for  ij  to  be  a member  of  a set  I that  defines  a longest  path  is  needed. 
These  necessary  conditions  are  given  by  Lemmas  13  and  14. 


Lemma  13  If  the  set  of  indices  {^1,^2,  • • • , *n-i } defines  a longest  path  in  the  network 
for  a given  set  of  sublot  sizes  x,  and  if  f j_2  < ij-i  < ij,  j = 3, . . . , n - 1,  the  ratio  Zj, 
of  consecutive  sublot  sizes  is  bounded  from  below  in  the  following  manner; 


< Z 


where  ij_2  < * < ij  — 1. 


Proof:  Because  of  Equation  3.82,  the  following  bound  on  Zj  is  obtained, 

T(i+i,q)  - 


(3.91) 


for  < i < ij  — 1-  Because  of  Equation  3.80  the  following  bound  on  zj^i  is  obtained. 


(3.92) 


for  ij_2  < i < ij-i  — 1.  Setting  i'  = ij  in  Equation  3.92,  the  following  upper  bound 
on  Zj-i  is  obtained 

S (3.93) 

This  bound,  along  with  Equation  3.92  gives  the  inequality 


— 1)  ^ ,t , — 1 ) 


This  inequality  results  in  the  expression 


T{i,ij-i  - l)T(fj_i  + l,ij)  < T{i  + l,ij-i)T{ij-i,ij  - 1) 
and  adding  T{ij^i,ij  — l)T[ij_i  + l,fj)  to  this  inequality  gives 


T{i,ij  - l)T(?j-i  + l,fj)  < T{i  + l,ij)T{ij^i,ij  - 1). 
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This  results  in  the  inequality 


r(u— 1 lU ~i) 

T(i+l,ij)  — T{ij^i  + l,ij) 


(3.94) 


for  Zj_2  < z < ij-i  — 1.  However,  setting  z = Zj_i  in  Equation  3.91  gives 


— 1) 


< Zj. 


(3.95) 


Hence,  from  Equations  3.91,  3.94  and  3.95 


< Zj 


for  z'j_2  < z < Zj  — 1.  □ 

If  the  set  I defines  a longest  path  in  the  network  for  some  vector  or  sublot  sizes 
X and  if  Zj_2  < Zj_i  < Zj,  Zj  is  bounded  as  given  in  Lemma  13.  Next,  Lemma  14 
provides  upper  bounds  on  the  values  of  the  Zj^s  that  must  be  adhered  if  a given  set 
of  indices  I defines  a longest  path  in  the  network  for  some  vector  of  sublot  sizes  x. 


Lemma  14  If  the  set  of  indices  {z’l,  z’2, . . . , in-i}  defines  a longest  path  in  the  network 
for  some  set  of  sublot  sizes  x,  and  if  ij  < Zj+i  < Zj+2,  j = 1, . . . ,m -2,  Zj,  the  ratio  of 
consecutive  sublot  sizes  Xj  and  Xj^i,  is  bounded  from  above  in  the  following  manner; 


Zj  < 


T(ij+l,i) 


where  ij  + 1 < z < z j +2  — 1 . 


Proof:  Erom  Equation  3.81,  the  following  bound  on  Zj  is  obtained. 


Zj  < 


for  Zj  + 1 < i'  < Zj+i.  From  Equation  3.80 


(3.96) 


(3.97) 
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for  ij+i  + 1 < i < Zj+2  ~ 1 and  ij  + 1 < ^'  < Zj+i  — 1.  However,  by  setting  i'  = ij  in 
Equation  3.97  the  following  lower  bound  on  Zj^i  is  obtained 


< 2j+l- 


This  bound,  along  with  Equation  3.97  gives  the  inequality 


7’(U+l>‘j+i)  ~ ^(b+i+l>*) 


(3.98) 


(3.99) 


for  ij+i  + 1 < i < ij-^.2-  This  inequality  leads  to  the  following  expressions. 


T{ij,ij+i  — + l,i)  < T{ij  + 1,  ij+i)T(ij+i,  i — 1) 


which  gives 


T{ij,ij+i  - l)T(zj  + l,i)  < T{ij  + - 1). 


This  results  in  the  equality 

T{i]+l,ij+i)  — T(ij+l,i) 


for  ij+i  + 1 < ij  < ^j+2.  However,  by  setting  i'  = in  Equation  3.96 


(3.100) 


^(b'b+i 


(3.101) 


for  ij  + 1 < i < ij+i,  hence 


< 


T(ij+l,i) 


for  ij  + 1 < i < ij+2  — 1.  D 

Applying  Lemmas  13  and  14  recursively,  if  the  set  I consisting  of  the  machine 
indices  ij,  j — 1, 2, . . . , n — 1,  defines  a longest  path  in  the  network  and  if  ij  < ij^i 
for  j = 1, . . . , m — 1,  each  Zj  must  be  bounded  as 


^ Tpj+i,.') 


(3.102) 
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where  1 < ^ — 1 and  ij  I < i'  < m.  Again,  these  are  necessary  conditions  for 

the  path  P{I)  to  be  a longest  path  in  the  network.  However,  Theorem  16  shows  that 
Equation  3.102  provides  sufficient  conditions  for  the  path  defined  by  the  set  of  indices 
/ to  be  a longest  path  in  the  network  for  some  vector  of  sublot  sizes  x. 

Theorem  16  The  path  defined  by  the  set  of  indices  I 


I • • • 1 *n— 1 } 


where  ij  < ij^i  for  j = 1, . . . , n — 2,  is  a longest  path  in  the  m/C/II/CV/n  network 
representation  of  the  lot  streaming  problem  for  some  vector  of  sublot  sizes  x if  Zj,  the 
ratio  of  sublot  sizes,  is  bounded  as 


T(4+i,b) 


< 


< 


r(bT-i) 

T(b+l,i') 


where  1 < i < ij  — I and  ij  1 < i'  < m. 


Proof:  Let  the  set  of  indices  /, 


I • • • 5*n— l} 

define  a path  in  the  network.  Let 

T(t+I,q)  ^ ^ T(ij+i,i') 

for  1 < i < ij  — 1 and  ij  + 1 < i'  < m.  This  gives  rise  to  the  following  inequalities, 

T{i,ij  — l)3:jj.i  < T(i  + l,ij)a;j 

for  i < ij  and 

T{ij  + l,i')xj  < T{ij,i'  — l)a:j+i 

for  i'  > ij.  From  those  expressions  the  following  inequalities  are  obtained, 

T(i,ij)arj+i  < T{i  + l,ij)xj  + T{ij,ij)xj.^.l  (3.103) 
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for  i < ij  and 

T{ij  + + T{i',i')xj^i  < T{ij,i')xj+i  (3.104) 

for  i'  > ij. 

The  former  inequality  implies  that  the  subpath  from  node  (i,j)  to  node  (ij,j) 
to  node  {ij,j  + 1)  is  longer  than  the  subpath  from  {i,j)  to  node  (i,j  + 1)  to  node 
(ij,  j + 1).  Note  that  these  subpaths  have  the  same  starting  and  ending  nodes  and 
therefore,  for  any  path  passing  through  these  nodes,  one  subpath  can  be  substituted 
for  the  other.  Also,  note  that  the  longer  path  traverses  a portion  of  the  path  defined 
by  the  set  I. 

The  latter  inequality  implies  that  the  subpath  from  node  to  node  (ij,  j + 1) 

to  node  is  longer  than  the  subpath  from  (ij,j)  to  node  (i',j)  to  node  (i',  j + 1). 

Note  that  these  subpaths  have  the  same  starting  and  ending  nodes.  Therefore,  for 
any  path  passing  through  these  nodes,  one  subpath  can  be  substituted  for  the  other. 
Note  that  the  longer  path  traverses  a portion  of  the  path  defined  by  the  set  I. 

Any  arbitrary  path  that  is  not  defined  by  the  set  I in  the  network  must  pass 
through  at  least  one  of  the  nodes  (ij,  j + 1)  or  (ij,  j)  for  some  j — 1, 2, . . . , u - 1.  Let 
the  column  index  _;  + 1 be  the  largest  column  index  that  this  path  traverses  before  it 
crosses  the  path  defined  by  I.  Let  machine  i be  the  crossover  machine  for  this  path 
to  column  j + 1.  This  implies  that  the  subpath  from  [i.,j  + 1)  to  {ij,j  + 1)  is  the 
last  segment  of  this  arbitrary  path,  not  on  the  path  defined  by  /,  before  it  reaches 
the  path  defined  by  the  index  set  /.  Since  {i,j  + 1)  is  the  crossover  node,  then  the 
node  (i,  j)  is  also  on  this  arbitrary  path.  Then  this  subpath  starts  at  (i,  j),  goes  to 
ihj  + 1)  and  reaches  (ij,  j + 1)  Let  this  subpath  be  denoted  Li.  It  has  been  shown 
by  Equation  3.103  that  the  subpath  from  (i,  j)  to  (ij,  j)  to  {ij,j  + 1),  denoted  L2,  is 
longer  than  L\.  Thus  L2  can  replace  Li  and  the  resulting  path  is  at  least  as  long  as 
the  original  path  selected.  Now,  a path  whose  last  column  index  before  it  reaches  to 
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the  path  defined  by  the  index  set  / is  at  column  j.  The  above  process  can  be  repeated 
anew  at  column  j. 

Upon  repeatedly  applying  the  argument  above,  the  conclusion  is  reached  that  any 
path  that  starts  at  node  (1,1)  and  reaches  a node  {ij,j)  while  staying  completely 
above  the  path  defined  by  the  index  set  I can  not  be  larger  than  the  subpath  defined 
by  the  set  (^l,  Z2, . . . , ij). 

Similarly,  using  Inequality  3.104,  it  is  possible  to  show  that  any  arbitrary  subpath 
from  (ij,j)  to  can  not  be  any  larger  than  the  subpath  defined  by  the  index 

set  (ij,  ij+i, . . . , in-i)-  Therefore,  the  path  defined  by  the  index  set  / is  a longest  path 
in  the  network.  □ 

In  the  m/C/II/CV/2  and  m/C/II/CV/3  problems,  any  index  ij  that  satisfies 
Equation  3.102,  is  called  a feasible  index.  Previously,  a method  of  determining  which 
machine  indices  are  feasible  indices  is  given.  This  method.  Feasible  Index  Search 
Algorithm,  also  can  be  used  to  find  the  indices  that  define  longest  paths  in  the 
m/C/II/CV/n  lot  streaming  problem.  Since  these  indices  satisfy  Equation  3.102, 
they  are  also  called  feasible  indices  here.  Hence,  longest  paths  in  the  network  are 
found  by  determining  which  indices  are  feasible  indices,  using  Feasible  Index  Search 
Algorithm,  and  forming  sets  of  these  n — 1 feasible  indices  such  that  ij  < ijj.i  for 
j = 1, 2, . . . , n — 1 where  the  feasible  index  ij  is  element  j of  the  set.  Recall  that  the 
indices  1 and  m can  always  help  define  longest  paths  in  the  network  for  some  vector  x 
of  sublot  sizes.  Because  of  this,  indices  1 and  m are  also  called  feasible  indices.  Using 
arguments  similar  to  the  ones  used  above,  it  can  be  shown  that  Zj  < T(l,  U— 1)/T(2,  i') 
for  1 < T < m.  Also,  it  can  be  shown  that  T{i,m  — l)/T{i  + l,m)  < Zj  for  1 < i < m. 

The  ultimate  goal  of  the  lot  streaming  problem  is  to  find  the  sublot  sizes  that 
gives  the  minimal  longest  path  in  the  network  as  well  as  the  length  of  the  minimal 
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longest  path.  A method  has  been  given  to  find  longest  paths  in  the  network.  Now  a 
method  of  minimizing  these  longest  paths  is  needed. 

As  shown  above,  in  the  network  representation  of  the  lot  streaming  problem, 
for  every  longest  path  there  is  a range  of  values  for  the  2j’s  for  which  this  path  is 
indeed  the  longest  path  in  the  network.  Again,  the  length  of  this  longest  path  is 
the  makespan  of  the  problem  when  sublot  sizes  that  correspond  to  these  Zj  values 
are  used.  In  order  to  minimize  these  longest  paths  in  the  network,  properties  of  a 
minimized  longest  path  are  needed.  First,  the  following  definitions  are  made. 

Definition  5 Let  SPj{i)  denote  the  subpath  in  the  network  representation  of  the 
m/C/II/CV/n  lot  streaming  problem  from  node  (ij-iij  — 1)  to  node  + 1). 

This  subpath  crosses  over  from  column  j to  column  j + 1 at  node  {i,j)  in  the  network 
representation  of  the  lot  streaming  problem. 

Definition  6 LsPj(i){'x.)  represents  the  length  of  SPj{i)  when  the  vector  of  sublot  sizes 
are  used.  This  length  is 

Given  these  definitions,  the  following  theorem  shows  that  for  any  subpath  SPj{ij), 
j = 1, . . . , n — 1,  on  a minimized  longest  path,  there  is  another  subpath  of  equal  length 
with  the  same  starting  and  ending  nodes  in  the  network. 

Theorem  17  If  the  set  I = {zi,  ^2,  • • • , in-i}  defines  a minimized  longest  path  in  the 
network  representation  of  the  lot  streaming  problem  for  some  vector  x of  sublot 
sizes,  for  every  subpath  SPj{ij),  j = l,...,n  — 1,  of  the  minimized  path  P{I), 
there  is  at  least  one  subpath  SPj{i)  in  the  network,  different  from  SPj{ij),  such 
that  Lsp^{ij){x)  = Aspjp)(x),  with  Zj_i  < i < Zj+j. 

Proof:  Assume  isp,p')(x)  < LsPj(tj)(x),  for  <i<ij-l  or  ij  + 1 <i  < ^j+l.  If 
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a decrease  in  Xj  and  a corresponding  equal  increase  in  Xj+i  would  monotonically 
reduce  the  length  of  path  SPj{ij),  and  thus  the  makespan.  Since  LsPj{i')[x)  < 
the  following  equation  is  obtained 

T(^i  + l,ij)xj  > T[i^ij  l)xj^.i 

for  — 1 and 

T(ij^i  — l)a^j.(.i  > T{ij  l,i)a;j 

for  ij  -\-  \ < i < *j+i,  Note  that  Xj  can  be  decreased  and  Xj^i  increased  by  the  same 
amount  and  the  makespan  will  decrease  until  either 


for  some  ij-i  <i  < ij  — 1 or 

T(ij,i  — l)a;j+i  = T{ij  + l,i)xj 

for  some  ij  + 1 < i < *j+i-  This  contradicts  the  statement  that  P{I)  is  a minimized 
longest  path  in  the  network. 

However,  if 

an  increase  in  xj  and  a corresponding  equal  decrease  in  xj^i  would  monotonically  re- 
duce the  length  of  path  SPj,  and  thus  that  of  the  makespan.  Again,  since  Z/5p^(,')(x)  < 
LsPj(ij){^)i  the  following  inequality  is  obtained 

T{i  -f  l,ij)xj  > T[i,ij  l)xjj.i 

for  ij_i  < i < ij  — 1 and 


T{ij^i  l)a;j^.i  > T{ij  -|-  l,i)arj 
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for  ij  -f  1 < i < ij+\.  Note  that  Xj  can  be  increased  and  Xjj^\  decreased  by  an  equal 
amount  and  the  makespan  will  decrease  until  either 

T{i  + — l)xj 

for  some  i — 1 or 

T{ij,i  — l)xj+i  = T{ij  -f  l,^)xj 

for  some  ij  + l < t < ^j+i-  This  contradicts  the  statement  that  P is  a minimized  longest 
path  in  the  network.  Hence,  LsPj(ij){x)  = LsPj(i){^)  for  some  i for  ij_i  < * < — 1, 

or  + 1 < i □ 

As  a direct  result  of  Theorem  17,  in  a network  with  a minimized  longest  path 
P{I)i  there  are  at  least  two  subpaths  of  equal  length  from  node  — 1)  to  node 

+ 1),  j = l,...,n  — 1.  These  subpaths  are  denoted  SPj{ij)  and  SPj(i'j)  for 
ij-i  ^ ^ *j+i-  From  Theorem  17,  since  Lsp^(ij){x)  = LsPj(t')(x),  SPj{i'-)  can  replace 

sPA^i)  in  P{I)  with  the  length  of  the  resultant  path  being  equal  to  the  length  of 
P{1).  However,  if  this  is  done,  the  crossover  from  column  j to  ji  + 1 on  the  path  no 
longer  takes  place  at  node  now  it  takes  place  at  the  node  This  indicates 

that  if  P{I)  is  a minimized  longest  path,  for  every  index  ij  that  defines  the  crossover 
node  in  the  network  from  column  j to  j + 1,  there  is  another  index  that  can  replace 
ij  in  7,  still  defining  a longest  path  in  the  network  and  the  length  of  this  new  path 
being  unchanged. 

Let  I = (7/{^j})  U {i'},  so  I is  the  set  I with  ij  replaced  the  index  i'j.  The  length 
of  the  path  P{I)  is  equal  to  the  length  of  the  path  P{I)  or 

Tp(^)(x)  = Tp(/)(x). 

Note  that  Lp^^{x)  and  Lp(/)(x)  are  hyperplanes  in  7?”.  Then  the  minimized  longest 
paths  of  equal  lengths  correspond  to  the  intersection  of  hyperplanes  defined  by  the 
longest  paths  P{I)  and  P{I)  in  the  network  representation  of  the  problem. 
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Now,  using  Theorem  17,  Lemma  15  shows  that  each  Zj,  the  ratio  of  sublot  size  Xj 
to  Xj+i,  must  be  set  at  an  upper  or  lower  bound  in  order  to  minimize  longest  paths 
in  the  network. 


Lemma  15  In  any  minimized  longest  path,  the  ratio  of  sublot  sizes  Zj,  j = 1, . . . , n — 1, 
must  be  set  at  the  upper  bound 


— mm 
i>i, 


or  the  lower  bound 


= max 

%<ij 


f ] 

\T(i+hij)  J 


where  I is  the  set  of  indices  that  defines  the  longest  path  in  the  network  and  ij  ^ I. 


Proof:  From  Theorem  17,  LsPj(i'^){x)  = LsPj{ip{x)  for  some  z'  where  ij_i  < i'-  < ij  — \ 
or  ij  + 1 < i'-  < ij+i-  Futhermore,  since  SPj{ij)  is  a subpath  of  a longest  path 
LsPj{ij)i'x)  > LsPj(i){x)  for  ij^i  < i < ij  — 1 or  Zj  + 1 < z < ij+i  and  i ^ ij.  Because 
LsPjp>^){x)  = Lsp^[ip{x),  the  following  equation  is  obtained, 

T{ij-i,ij}xj  T[^j,ij.^.l'lxjj.l  = T(ij—\,ij^Xj  -LT{ij,ij.j.\)xj.j.\. 


If  < i'-  < ij  — 1,  this  equation  simplifies  into 


T{i'j  + l,ij)xj  = T{i'j,ij  - \)xj^x, 


however  if  ij  + 1 < i'j  < ij+i , it  simplifies  into 


T{ij  - = T{ij  + l,i'^)xj. 


This  gives 


if  < ij  < ij  — 1,  or 


rh'+i,u) 


= 


Xjj-i 


r(b+i,i') 


(3.105) 


(3.106) 
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for  some  + 1 < ij  < ij+\. 


However,  since  Z5p^(,-^)(x)  > LsPj(i){'>c)  this  gives  the  following  inequality 


If  ij-i  < i < ij  — 1,  this  inequality  simplifies  into 


T{i  + > T{i,ij  — l)xj+i 


however  if  ij  + 1 < i < ijj^\ , it  simplies  to 


T{ij,i  — l)xj+i  > T{ij  + l,i)xj. 


As  a result. 


if  ij-i  < i < ij  — 1,  and 


X, 


Xjj-i 


Xi 


= 


- 7’(.+i,q) 


Xj+i  - nij  + hi) 

for  ij  + 1 < i < ij+i.  Hence,  from  Equations  3.106  and  3.108 


Zi  - mm  < • ( — 'ri  ■/^ 


if  ij  < i'j  < ij^i  or  from  Equations  3.105  and  3.107 


2 - max  / TOnh-H  1 _ i) 


(3.107) 


(3.108) 


ij-i  < i'j  < ij-  O 

Lemma  15  shows  that  if  a set  of  indices  / defines  a longest  path  in  the  network 
representation  of  the  problem,  then  the  ratio  of  sublot  sizes  Zj  must  be  set  at  either 
a lower  or  upper  bound  in  order  for  the  corresponding  vector  of  sublot  sizes  x to 
minimize  this  path.  Then,  each  Zj  must  be  set  at  one  of  the  two  values. 


2,-  = mm 
i>i, 


1 nij+u)  / 


?’(b+i,«') 
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where  i'-  is  the  smallest  index  for  which  the  equation  above  is  valid  or 


= max 

i<ij 


f r(cn-i)  1 

\ T(t+l,.y)  / 


T(i;, ij-1) 


where  is  the  largest  index  for  which  the  equation  above  is  valid.  As  shown  above, 
if  this  is  the  case,  ij  is  a feasible  index.  As  a result,  each  zj  must  be  bounded  as 
given  by  Equation  3.102  that  gives  sufficient  conditions  for  the  index  ij  to  help  define 
a minimized  longest  path.  Then,  these  conditions  are  necessary  as  well  as  sufficient. 

Previously,  it  was  shown  that  if  the  index  i'j  satisfies  either  one  of  these  equations, 
it  is  a feasible  index.  Furthermore,  it  is  an  adjacent  feasible  index  to  the  feasible 
index  ij.  In  this  context,  two  feasible  indices,  ik  and  q,  ik  < ii,  are  adjacent  feasible 
indices  if  no  feasible  index  ip  exists  such  that  ik  < ip  < ii-  Then,  for  every  longest  path 
defined  by  the  set  of  indices  /,  the  only  candidates  for  the  values  of  Zj  to  minimize 
this  path  are 

T{ij,ij  - 1) 

where  ij  is  the  feasible  index  adjacent  to  ij  such  that  ij  < i'j  or 

T{i'j,ij  - 1) 

where  ij  is  the  feasible  index  adjacent  to  such  that  i'j  < ij.  Since  this  is  the  case, 
once  the  Feasible  Index  Search  Algorithm  is  used  to  find  all  feasible  indices  in  any 
instance  of  the  m/C/ll/CV/n  lot  streaming  problem,  all  possible  longest  paths  can 
be  generated.  The  length  of  each  path  can  then  be  calculated  with  the  Zj’s  set  at  their 
lower  and  upper  bounds.  These  bounds  are  determined  by  ij  and  its  adjacent  feasible 
indices.  This  gives  the  minimized  length  for  each  longest  path.  The  smallest  of  all 
these  path  lengths  is  the  optimal  makespan.  The  m/C/ll/CV/n  Search  Algorithm 
A,  given  below,  uses  these  concepts  to  find  the  minimum  makespan  of  the  problem 
and  the  sublot  sizes  that  gives  the  minimum  makespan. 
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m/C/II/CV/n  Search  Algorithm  A 


1.  Use  Feasible  Index  Search  Algorithm  to  find  the  set  of  r feasible  indices 

and  denote  these  indices  /i,  /2,  • • ■ , /r-,  where  f\  < f2  < • • • < fr- 

2.  Let  M = oo  and  let  K be  the  set  that  consists  of  all  combinations  of 

n — 1 feasible  indices  {U, . . . , ^„_l}  such  that  ij  < ij+i,  j = 1, . . . , n — 
2,  where  ij  is  the  feasible  index  in  the  list. 

3.  Let  / € K.  Set  K - K'll. 

4-  If  ij  = fp  < m,  1 < p < r, 

T(/„/,+i-l) 


Zj  = 


else 


for  j = 1. 


T{fp  + 1,  /p+i) 

T{fp-i  + 1,  /p) 


5. 


Xi  = 


n—l 

3=t 


YU  ns  + 1 


for  i = 1, . . . , n. 


6.  If  < M set  M — Z/p(/)(x)  and  x*  = Xi,  i = 1,2, ...  ,n  — 1. 


7.  If  A'  / {0}  go  to  step  3. 

8.  The  optimal  makespan  is  M,  the  sublot  sizes  are 


1 ij=j 


Xi  = 


Yr=l  ns  + 1 


for  I = 1, , n. 
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Although  this  procedure  locates  the  optimal  solution  and  the  optimal  sublot  sizes 
of  any  instance  of  the  m/C/II/CV/n  lot  streaming  problem,  it  is  inefficient.  In 
searching  for  the  optimal  solution,  this  procedure  calculates  the  minimized  length 
of  every  longest  path  in  the  network  representation  of  the  problem.  Unfortunately, 
there  may  be  an  exponential  number  of  longest  paths  in  the  network.  This  fact 
makes  m/C/II/CV/n  Search  Algorithm  A an  exponential  algorithm.  Given  this,  it  is 
necessary  to  find  more  efficient  methods  of  solving  any  instance  of  the  m/C/II/CV/n 
lot  streaming  problem. 

Theorem  17  and  Lemmas  13  and  14  provide  the  basis  for  a more  efficient  algo- 
rithm. Theorem  17  shows  that  for  every  subpath  SPj{ij)  of  a minimized  path  there 
is  an  alternate  subpath  SPj{i'j)  of  equal  length  that  also  traverses  a path  from  node 
— 1)  to  (fj+i,  j + 1).  Since  both  subpaths  are  equal  and  have  the  same  starting 
and  ending  nodes,  the  length  of  the  path  defined  by  the  set  of  indices 

{ *1 , . . . , f j_l , f j,  fjr-f  1 , • • • , *n— 1 } 

that  follows  the  same  path  as  P{I)  with  the  exception  that  it  follows  subpath  SPj{ij) 
instead  of  SPj{ij),  must  be  equal  to  the  length  of  P{I).  In  subpath  SPj{i'j),  the 
crossover  from  column  j to  / -f-  1 in  the  network  occurs  at  node  However,  in 

subpath  SPj{ij)  this  crossover  takes  place  at  node  {ij^j)-  As  a result,  if  P{I)  is  a 
minimized  longest  path  in  the  network,  there  are  at  least  two  distinct  indices  that 
define  the  crossover  points  of  longest  paths  from  column  j to  column  j -|-  1 in  the 
network.  Denote  the  second  of  these  nodes  i'-.  (The  first  is  denoted  ij.)  Because  the 
set 

/ 1*1,...,  Ij—l , Ij , , . . . , ln—1  } 

defines  a longest  path  in  the  network,  and  its  length  is  equal  to  the  length  of  P{I), 
or  Z/pjjj(x)  = Tp(/)(x),  i'j  helps  define  a longest  path  in  the  network.  Also,  as  shown 
above,  it  must  be  a feasible  index  adjacent  to  ij.  Consequently,  all  properties  of 
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feasible  indices  that  apply  to  ij  must  also  apply  to  . In  particular,  Zj  must  exist 
such  that 


T(i+l,t')  - - T{i'+l,t') 


(3.109) 


for  i < ij  < i'  and  7^  ij.  Then,  for  every  ij  G I that  defines  a minimized  path, 
there  is  another  index  i',  < ij+i  and  i'  ^ ij,  that  can  replace  ij  and  still 

give  an  alternate  minimized  longest  path  of  equal  length.  Because  of  this,  if  P{I)  is  a 
minimized  longest  path,  there  are  at  most  2"“^  — 1 alternate  minimized  longest  paths 
of  equal  length  in  the  network.  Again,  without  loss  of  generality,  assume  ij  < i'.  The 
bounds  on  Zj  are 


T(i'+i,q) 


< 2,  < 


T(q+i,i) 


for  i'  < ij  < i and 

r(t+i,i')  ^ ^ T(i'+i,.) 

for  i'  < ij  < i.  Because  ij  < i'  and  i'  is  an  adjacent  feasible  index  to  ij, 

_ T{ij,i'j  - 1) 


Now,  given  a miminized  longest  path  in  the  network,  a method  of  obtaining  a 
minimized  longest  path  whose  length  is  smaller  is  needed.  Let  P{I)  be  a minimized 
path  defined  by  the  set  I and  let  P{P)  be  a minimized  path  defined  by  replacing  each 
ij  by  its  alternative  crossover  index  i'-  as  defined  in  Theorem  17.  Also,  let  P{Ij)  be 
the  minimized  longest  path  that  is  defined  by  the  set  of  machine  indices  Ij  = Ij  U Ij^i 
and  P{Ij)  be  another  minimized  longest  path  which  is  defined  by  the  set  Ij  = 7j_i  U/' 
where 


and 


Ij  { (ij , . . . , ij ) I if.  < ifc+i , k — 1 , . . . j 1 } 

Ij  = {{ij,  • • • , h < k = j,...n-2}  . 
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The  length  of  all  these  paths  are  equal  since  each  path  is  defined  by  a set  of  indices  that 
is  obtained  by  replacing  crossover  indices  in  each  set  of  crossover  indices  with  their 
alternate  crossover  indices.  In  other  words,  Lp(/i)(x)  = ip(/2)(x),  j = — 1 

and  Tp(/i)(x)  = Tp(p^j(x),  j — — 2.  In  the  lot  streaming  problem,  this 

corresponds  to  the  intersection  of  hyperplanes  Lp(p)(x)  and  Tp(/2)(x).  The  length  of 
P{I})  is 

j 71—1 

Zp(/i)(x)  = E akXk+  + r(z'„_i,m) 

/c=l  k=j+l 

for  1 < j < n — 1 and 

n— 1 

E QkXk  + T {in-1,  m) 

k=l 


for  j = n - 1 where  = T{ik-i,ik)  - T{in-i,m)  and  a[  = T{i[_^,i'^)  - T{i'^_^,m). 
However,  the  length  of  P{Ij)  is 

j-l  n-l 

Ip(^2)(x)  = E dkXk  + ^ a[xk  + T(C-17  "i) 

k=l  k=zj 

Because  the  vector  x is  a function  of  the  Zj's,  the  length  of  the  path  can  be  expressed 
in  terms  of  the  Zj's  by  replacing  each  Xj  with  its  expression  in  terms  of  the  Zj's.  The 
function  for  the  length  of  the  path  P{P)  in  terms  of  the  zj's  is  denoted  Z/p(/)(z).  By 
Theorem  18  given  below,  there  is  a one  to  one  correspondence  between  the  vector 
X and  its  corresponding  values  of  Zj’’s  and  vice-versa.  Because  of  this,  the  equation 
Tp(/)(x)  = Lp(i){z)  is  valid  for  the  vector  x and  its  corresponding  vector  z.  Since 
bounds  on  the  Zj's  are  readily  available,  the  length  of  the  path  is  discussed  in  terms 
of  the  Zj's.  However,  for  ease  of  expression,  the  variables  for  the  sublot  sizes,  Xj’s, 
are  used  instead  of  their  representation  in  terms  of  Zj’s. 

The  partial  derivatives  of  2p(/i)(z)  and  Z/p(/2)(z)  with  respect  to  Zj  are 

5Lp(rl)(z) 


dzj 


= v E 


n— 1 


aiXiXn  - ^ [ai-  a X{Xk 
fc=j+i 
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and 


5Lp(/2)(z)  I 


j-i 


dzj 


= f E 


t=l  L 


n—l 


aiXiXn  — ^ {a,-  - a'^]  XiXk 
k=j-\-l 


n—l 


+ QjXjXn  - ^ {uj  — a'f.}  XjXk 
k=j+l 


or 


n—l 


dLp(i2){z)  dLp(ii){z)  ^ ^ ^ / 

”1"  \^i  ^ (Ij)XjXk- 


dZi 


k=j+l 


These  partial  derivatives  indicate  whether  or  not  the  makespan  defined  by  these  paths 
can  be  increased  (decreased)  by  increasing  (decreasing)  Zj.  If  dLp^i'^[z)/dzj  > 0,  Zj 
should  be  decreased  in  order  to  reduce  the  makespan.  However  zj  is  bounded  as 


T(i  ,ij  1)  c'  y c'  1) 

T(i'+l,i,)  ^ ^ T(tj+1,0 


for  < T-  < ^ with 


T’fi'.b-i) 


because  ij  and  t'  are  adjacent  feasible  indices.  Here  Zj  is  set  at  its  minimum  value. 
Hence,  if  Zj  is  decreased  in  order  to  reduce  the  makespan,  the  path  defined  by  the  set 
will  no  longer  define  a longest  path  in  the  network.  However,  if  dLpf^p^{z) (dzj  < 0, 
then  Zj  should  be  increased  in  order  for  the  makespan  to  be  reduced.  Hence,  Zj  can 
be  increased  to 


mm 

i>ij 


T(ij+l,i)  J 


in  order  to  reduce  the  makespan,  and  the  current  path  P{Ij)  will  still  be  the  longest 
in  the  network.  Likewise,  if  dLpf^j2^[z)jdzj  > 0,  then  Zj  should  be  decreased  in  order 
for  the  makespan  to  be  reduced.  Since 


T(t+l,i') 


<^i< 


T(t'  + l,l) 


for  i'  < i'j  < i with 
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Zj  can  be  reduced  to 

~ I / 

in  order  to  reduce  the  makespan,  and  the  current  path  P{Ij)  will  still  be  the  longest 
in  the  network.  However,  if  dLp^2^{z)ldzj  < 0,  then  Zj  should  be  increased  in  order 
for  the  makespan  to  be  reduced.  Here,  Zj  is  already  set  at  its  maximum  value.  Hence, 
if  Zj  is  increased  in  order  to  reduce  the  makespan,  the  path  defined  by  the  set  Ij  no 
longer  defines  a longest  path  in  the  network.  These  observations  result  in  the  following 
rules  that  are  used  to  minimize  the  makespan  or  longest  path  in  the  network: 


If  5Tp(/i)(z)/52j  < 0 and  dLp^2^{z) j dzj  < 0, 
or  dLp^2^{z)ldzj  < 0 and  dLp(^i2^{z)/dzj  < 0,  increase  zj. 

If  dLp^ji^{z)ldzj  > 0 and  dLp^2>^{z) f dzj  > 0, 

A A 

or  dLp^i'^{z)/dzj  > 0 and  dLp^2^{z)l dzj  > 0,  decrease  Zj. 

If  dLp^i^[z)ldzj  = 0 and  dLp(j2^[z)ldzj  — 0,  either  increase  or  decrease  Zj. 

If  dLp(^ji^(z)fdzj  > 0 and  dLp(^i2^{z)/dzj  < 0,  do  nothing. 

If  dLp^\^{z)j dzj  < 0 and  dLp^j2){z)/dzj  > 0,  do  nothing. 

The  last  two  conditions  cannot  occur  because  they  contradict  the  fact  that  Lp^j2^(z) 
and  Tp(p)(z)  are  minimized  longest  paths. 

When  Zj  is  set  at  its  lower  bound,  it  can  be  increased  by  setting  it  at  its  up- 
per bound  and  the  current  longest  path  will  still  be  a longest  path  in  the  network. 
Similarly,  when  it  is  set  at  its  upper  bound,  Zj  can  be  decreased  by  setting  it  at  its 
lower  bound  and  the  current  longest  path  will  still  be  a longest  path  in  the  network. 
However,  a method  of  increasing  Zj  when  it  is  set  at  its  upper  bound  is  needed.  Also, 
a method  of  decreasing  it  is  also  needed  when  it  is  set  at  its  lower  bound.  Lemma  16 
indicates  how  this  can  be  accomplised. 


Lemma  16  The  bounds  on  Zj  is  a non-decreasing  continuous  function  of  the  feasible 
index  ij. 


132 


Proof:  Let  «i, . . . , in-\  be  the  sequence  of  increasing  feasible  indices  in  any  lot  stream- 
ing problem  such  that  ik  and  ik+i  are  adjacent  feasible  indices  for  k — 1, . . . ,p  — 1. 
Also  let  ij  is  a feasible  index  the  following  inequality  is  valid, 

<Zj<  B{ij,t) 

for  i'  < ij  < i.  Also,  since  ij  and  ij+i  are  adjacent  feasible  indices, 

Zj  = min,.<,  = B{ij,ij^i). 

This  is  the  upper  bound  on  Zj.  Also,  since  ij_i  ij,  ij  4-i  and  then 

maxi<q  {B{i,ij)}  = B{ij^i,ij). 

Hence,  Zj  is  bounded  as  follows 

B{tj-i,ij)  ^ Zj  < B{ij,ijj.\). 

Now  update  ij  to  the  next  highest  feasible  index  ij+i-  This  gives  the  expression 

B[i  ■,ij+i)  < Zj  < B(^ij^i,i) 

for  i'  < ijj.1  and  < i.  Again,  since  ij  — » ij^i,  *j+i  — > ij.  Also,  ij^i  ij^2-  Then, 
the  following  expression  results 

where  B(ij,  ij+\)  is  the  new  lower  bound  and  ij+2)  is  the  new  upper  bound  on 

Zj.  Then,  the  following  inequality  results 

— B[ijj.i,ijj-2). 

Hence,  when  ij  is  updated  (increased)  to  the  next  highest  feasible  index,  the  new  lower 
bound  is  equal  to  the  previous  upper  bound  and  the  new  upper  bound  is  at  least  as 
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large  as  the  previous  upper  bound.  Hence  the  bounds  on  Zj  is  a non-decreasing 
function  of  ij.  As  a result,  increasing  zj  is  tantamount  to  increasing  ij.  A similar 
argument  exists  for  decreasing  zj.  □ 

Lemma  16  shows  that  if  Zj  is  increased  (decreased)  past  its  bounds  for  which 
some  index  ij  = f helps  to  define  the  longest  path  in  the  network,  the  new  value  of 
Zj  is  given  by  the  feasible  index  ij  = f such  that  f is  the  feasible  index  adjacent 
to  the  feasible  index  /.  Then,  increasing  (decreasing)  Zj  past  its  bound  for  some 
ij  = f corresponds  to  setting  ij  = f for  f < f {f  < f).  Given  this,  increasing  or 
decreasing  Zj  corresponds  to  updating  ij  to  an  adjacent  feasible  index.  Then  the  rules 
given  above  are  equivalent  to  the  following  set  of  rules; 

1.  If  dLp^i^{z)fdzj  < 0 and  dLp^2){z)ldzj  < 0,  or  dLp(^p){z)fdzj  < 0 and 
dLp^2^{z)jdzj  < 0,  increase  ij  = / with  f > f where  f is  a feasible  in- 
dex adjacent  to  /.  Also,  increase  i'-  = g with  g'  > g where  g'  is  a feasible  index 
adjacent  to  g. 

2.  If  dijp(i\^{z)ldzj  > 0 and  dLp^j2^{z)ldzj  > 0,  or  dLp^i^{z)ldzj  > 0 and 
dLp^2^{z)!dzj  > 0,  decrease  ij  = / with  f < f where  f is  a feasible  in- 
dex adjacent  to  /.  Also,  decrease  =;  g with  g'  < g where  g'  is  a feasible  index 
adjacent  to  g. 

3.  Otherwise,  do  nothing. 

Now,  given  an  initial  set  of  feasible  indices  /,  these  rules  can  be  used  to  find  another 
set  that  defines  a longest  path  whose  length  is  smaller  than  the  minimized  longest 
path  defined  by  I.  For  any  j,  the  partial  derivative  of  Zp(/i)(z)  can  be  obtained  with 
respect  to  Zj  and  based  on  this,  the  indices  ij  and  i'-  which  determine  the  value  of  Zj  are 
updated.  Note  that  if  the  partial  derivatives  of  Lp(/i)(z)  and  Lp^2^(z)  have  different 
signs,  the  value  of  Zj  should  not  be  changed  and  neither  should  the  sets  /|  and  Ij.  This 
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condition  indicates  that  a better  minimized  path  can  not  be  obtained  by  increasing 
or  decreasing  Zj,  or,  equivalently,  updating  ij  with  an  adjacent  feasible  index.  When 
this  occurs  for  all  Zj's,  a local  minimum  has  been  found  for  the  lot  streaming  problem. 
However,  in  order  to  solve  the  problem  optimally,  a global  minimum  is  needed. 

By  Theorem  18  given  below,  for  every  set  of  values  for  the  Zk's,  there  exists 
a unique  vector  x of  sublot  sizes  and  vice-versa.  Let  M;^{z)  be  the  makespan  of 
the  problem  in  terms  of  the  z^s.  Then  Mj;(x)  = Mz{z)  for  the  vector  x and  its 
corresponding  vector  z,  since  by  Theorem  18  there  is  a one  to  one  correspondence 
between  the  each  vector  of  sublot  sizes  and  the  corresponding  ratio  of  sublot  sizes.  As 
shown  by  Theorem  19,  a local  extremum  of  Mj,(x)  is  also  a local  extremum  of  Mz{z) 
and  vice-versa.  However,  Mx{x)  is  a convex  function  and  thus  any  local  minimum 
of  Mj;(x)  is  a global  minimum.  Hence,  because  Mx{x)  = Mx{z)  a local  minimum  of 
Mz{z)  is  a global  minimum.  Then,  once  a local  minimum  of  M^(z)  has  been  located, 
the  optimal  solution  to  the  problem  has  been  obtained.  Using  these  observations, 
m/C/H/CV/n  Search  Algorithm  B finds  the  optimal  solution  to  the  m/C/II/CV/n 
problem. 


m/C/II/CV/n  Search  Algorithm  B 

1.  Perform  Feasible  Index  Search  Algorithm  1,  to  obtain  the  set  I of 
feasible  indices.  Let  ip  be  the  feasible  index.  Let  the  index  of  the 
machine  with  the  largest  processing  time  be  the  feasible  index. 
Set  ij  = ir,  and  i'  = U+i,  if  U < m,  otherwise  set  ij  — U-i,  i'j  = ir, 
for  i = 1,. . . ,n  - 1. 


Zk 


T{ik,i'k-^) 
T{ik  -|- 1, 


for  A;  = 1 , . , 


,n 


1 . Let  / = 1 . 


2. 
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3.  If  5i/p(/i)(z)/52j  < 0 and  dLp(^[2^{z)/dzj  < 0, 

or  dLp^i){z)ldzj  < 0 and  dLpi^j2-j{z)fdzj  < 0,  set  ij  — i'-  and  incre- 
ment i'  to  the  next  highest  feasible  index.  Also,  set 

^ - 1) 

~ T(i,  + l.i') 

and  return  to  step  3 

However,  if  dLp^^p^{z) fdzj  > 0 and  dLp^j2^{z)Jdzj  > 0, 
or  dLp^\'^{z)ldzj  > 0 and  dLp(^j2^{z)/dzj  > 0,  set  = ij  and  decre- 
ment ij  to  the  next  lowest  feasible  index.  Also,  set 

T{ij,i'j  - 1) 

and  return  to  step  3. 

Alternatively,  if  dLp(ii)[z) j dzj  > 0 and  dLp^2^{z)ldzj  < 0, 

or  if  dLp^i^{z)ldzj  < 0 and  dLp(^j2^{z)fdzj  > 0,  for  j = 1, ...  ,n,  go 

to  step  4,  otherwise  go  return  to  step  3. 


4-  The  optimal  sublot  sizes  are  X{  where 

nn— 1 


Xi 


for  i = 1, . . . , n.  The  optimal  makespan  is  Lp(/)(x). 


The  complexity  of  the  algorithm  is  0{m^  + mn).  The  feasible  indices  are  found  in 
time  while  the  global  minimum  is  found  in  mn  time.  When  the  number  of  sublots 
are  specified,  this  algorithm  degenerates  into  an  0{m^)  which  is  the  order  of  the 
polynomial  algorithms  given  for  the  m/C/II/CV/2  and  m/C/II/CV/3  problems. 
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Theorem  18  There  is  a one  to  one  correspondence  bewteen  the  domains  X and  Z 
where 

X = {(a;i,X2, . . .^Xnf  \ Xi  -\-  X2-\-  ■ ■ ■ Xn  = I and  Xi  > 0,  for  ^ = 1, . . . ,n} 

and 

z = {(zi,Z2, . . .,Zn-i)^  I > 0,  for  2 = 1, . . . , n - 1} 
where  the  transformation  from  X to  Z is  Zi  = Xj/rCj+i,  for  2 = 1, 2, . . . , n — 1. 

Proof:  For  any  x G X,  the  following  system  of  equations  gives  the  corresponding  z 
in  Z, 

ZiXi+i  = Xi  (3.110) 

for  i = 1,2, . . . , n — 1.  This  system  can  be  expressed  as 

Xz  = x' 


where 


and 


/ \ 

Xl 

X2 


\ 


Xfi—i 


/ 


X2  0 ...  0 

0 xs  . . . 0 


^0  ...  0 Xji  j 

or  X is  the  (n  — l)x(n  — 1)  diagonal  matrix  with  Xij^\  as  the  element  in  the 
row  and  column.  As  easily  seen,  det(A')  = Xi-  Since  Xi  ^ 0,  for  i = 1,2, . . . ,n. 
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det(X)  7^  0.  Therefore,  X is  a non-singular  matrix  and  for  every  x,  and  therefore 
x',  there  exists  a distinct  z.  Also,  since  x,-  > 0,  i = 1,2,. . . ,n,  from  Equation  3.110 
Zi  > 0.  Then,  for  every  x ^ X,  not  only  is  there  a distinct  z,  but  z G Z. 

Likewise  for  any  z G Z,  the  following  system  of  equations  gives  the  corresponding 
X in  A", 

Xi-ZiXi+i  = 0 (3.111) 


for  z = 1 , 2, . . . , n — 1 and 

n 

= 1. 

This  system  can  be  expressed  as 


Zx  = ei 


where 


/ 


Z = 


1 1 


1 -zi  0 


1 1 


\ 


0 1 -22  0 


^ 0 1 -2„-l  J 

or  Z is  the  n xn  matrix  with  all  ones  in  its  first  row,  Zi-i  as  the  element  in  the  row 
and  column  for  i = 2, 3, . . . , n,  and  ones  as  the  elements  in  the  row  and  {i  — 1)*^ 
column  for  i = 2, . . . ,n  and  zeros  elsewhere.  Also,  ei  is  the  n x 1 vector  with  one  as  its 
first  element  and  zeros  elsewhere.  The  expression  det(Z)  = ( — 1)”  11"=^  1 

by  expanding  along  the  first  row  of  the  determinant  and  simplyfing.  Since  Z{  ^ 0, 
for  ^ = 1, 2, . . . , n — 1,  det(Z)  / 0.  As  a result,  for  every  z G Z,  there  is  a distinct  x. 
In  addition,  from  Equation  3.111,  each  pair  of  consecutive  sublot  sizes  must  have  the 
same  sign.  As  a result,  the  sublot  sizes  or  Xj’s  are  either  all  positive  or  all  negative. 
However,  the  sum  of  the  Xj’s  must  be  one,  the  entire  lot.  Consequently,  the  sublot 
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sizes  must  be  positive,  or  xj  > 0 for  j = 1, 2, . . . , n.  Then,  for  every  distinct  z € Z, 
there  is  a distinct  x ^ X.  Therefore,  there  is  a one  to  one  correspondence  from  Z to 
X.  □ 


Theorem  19  The  vector  z*  of  sublot  ratios  is  a local  extremum  of  M^(z)  if  and  only 
if  the  vector  of  sublot  sizes  x*(z)  is  a local  extremum  of  Mr(x(z)). 


Proof:  Let  x*  be  a local  extremum  of  Mx{x).  There  exists  an  epsilon  neighborhood 
of  X*,  A^e(x*),  such  that  for  every  x G A^e(x*),  Mx{x)  > Ma,(x*),  or  Mj,(x)  < Mx{x*), 
where 

Nc{x*)  = {x  I |xi  — a;*|  < Ci  and  e;  > 0 for  i = 1, 2, . . . , n — 1}  . 

For  any  x,  z exists  such  that  2,-  = Xifxi+i,  i = l,...,n  — 1.  Also,  for  any  x G N^(x*) 
\ Xi  — X*  |<  Ci  for  i = 1, . . . , n.  As  a result. 


+ l + 1 + l "F  ^«  + i 


and  from  this  expression,  the  following  bounds  on  the  reciprocal  of  Xi+i  is  obtained 


1 


< 


1 


< 


1 


T Ct-l-l  ^i+1  ^i+1 

From  this,  the  bounds  on  the  ratio  of  consecutive  sublot  sizes  are 

x’i  + f-i 


X:  - Ci 


Xi 


< 


< 


or 


T Q+1  ^j+1  ^i+1  ^i+1 


X*  - ti  X*  + 6i 

< Zi<  * 


Xi^l  + ti+i 


^'+1  ^*+1 


(3.112) 


As  a result,  for  every  x G A^e(x*),  a vector  z exists  with  each  element  Zi  bounded  as 
given  in  Equation  3.112.  From  Theorem  9,  for  every  x this  z is  unique.  Now,  because 
e > 0 and  x*  > 0,  t'-  exists  such  that 


> 0 
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for  z = Substituting  e\x*  for  ti  in  Equation  3.112  results  in  the  following 

equation 


,1  + e' 


t+i 


< Zi  < 


1 + el 


i+l 


'^i+1 


or 


1 + e' 


< < Z; 


i+l. 


1 + e: 


i+l 


“i+l 


This  gives 


^i 


^i+l  + ^i  \ 
1 + <^:+i ) 


< Zi  < z* 


('i+l  + Cj+I  \ 

l-e'+l  ) 


or 


A^+i  + ^:^ 

Vi  + <+J 


< Zi  — Z:  < Z; 


(3.113) 


Then,  for  every  x G N^[x*)  a unique  z exists  with  it’s  elements  bounded  as  given  in 


Equation  3.113.  Given  this,  a set  of  z's  exist  such  that 


Now,  let 


Erom  this 


or 


Vi  + <+J 


- ^ ^ Hf 

< Zi  — Z:  < Z: 


/^:+i  + ^:^ 

Vi  + <+i/ 


> 0. 


—8i  < Zi  — z*  < Si 


- < l< 


t = 1, 2, . . . , n,  for  each  Zi  in  this  set  of  z’s.  This  set  is  Ns{z*),  a delta  neighborhood 
of  z*,  and  z*  G A^{(z*).  Since  Mz{z)  = Ma,(x(z))  for  all  x(z)  and  z and  Ma,(x(z))  > 
Mj,(x(z)*)  or  Mj;(x(z))  < Mj,(x(z)*)  for  all  x G iVe(x*),  Mz{z)  > M^(z*)  or  Mz{z)  < 
Mz{z*)  for  every  z G Ns{z*).  Therefore,  z*  is  a local  extremum  of  M^{z).  A similar 
argument  exists  to  show  that  x*  is  a local  extremum  of  M^;{x)  if  z*  is  a local  extremum 
of  Mz{z).  □ 


CHAPTER  4 

VARIABLE  SUBLOT  LOT  STREAMING  PROBLEMS 


In  the  Chapter  3,  the  consistent  sublot  lot  streaming  problem  is  discussed.  In  this 
chapter,  two  versions  of  the  variable  sublot  lot  streaming  problem  are  presented.  The 
variable  sublot  lot  streaming  problem  is  one  where  the  sublot  sizes  are  allowed  to  vary. 
In  the  first  version  of  the  problem,  called  the  m/V/II/CV/n/RD  problem,  a sublot 
can  be  reconfigured  or  re-split  while  it  is  still  being  processed.  However,  in  the  second 
version,  referred  to  as  the  m/V/II/CV/n/RA  problem,  a sublot  can  be  reconfigured 
or  re-split  only  after  it  has  completed  its  processing  on  a machine.  In  Eigures  4.1  and 
4.2,  partial  schedules  of  instances  of  the  m/V/II/CV/n/RD  and  m/V/II/CV/n/RA 
problems  are  shown,  respectively.  In  these  figures,  the  size  of  sublot  1 on  machine 


Xi 

X2 

A 

x'2 

Figure  4.1.  Sample  m/V/II/CV/n/RD  Schedule 

f -|-  1,  or  x[,  is  larger  than  the  size  of  sublot  1 on  machine  i,  or  ari.  As  a result,  a 
portion  of  sublot  2 on  machine  i,  or  X2,  must  be  used  along  with  x\  to  comprise  x[. 
On  the  schedule  in  Figure  4.1,  processing  must  be  completed  only  on  that  portion 
of  X2  that,  along  with  x\,  comprises  x[  before  processing  on  x'^  commences.  This  is 
similar  to  item  availibility  because  a portion  of  a sublot  is  being  made  available  for 

processing  on  the  next  machine  before  the  entire  sublot  has  completed  its  processing 
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on  the  current  machine.  However,  as  shown  on  the  schedule  in  Figure  4.2,  processing 
on  X2  must  be  completed  before  any  portion  of  that  sublot  is  taken  to  combine  with 
x\  to  form  x\  on  machine  i + 1,  or  equivalently,  before  it  can  be  re-sized  into  x'^.  This 
is  similar  to  batch  availablity  since  a portion  of  a sublot  can  be  made  available  to  the 
next  machine  only  if  the  entire  sublot  or  batch  has  completed  its  processing,  or  has 
been  made  available,  by  the  current  machine. 


Xi 

X2 

x[ 

A 

Figure  4.2.  Sample  m/V/II/CV/n/RA  Schedule 
4.1  The  m/V/II/CV/n/RD  Problem 

As  discussed,  the  m/V/II/CV/n/RD  problem  is  one  where  a portion  of  a sublot 
can  be  sent  downstream  for  processing  on  another  machine  before  the  entire  sublot  has 
been  processed  on  the  current  machine.  The  mathematical  programming  formulation 
for  this  problem  is  given  below.  In  this  formulation,  xij  is  the  size  of  the  sublot  j on 
machine  i.  Also,  Xijk  is  the  portion  of  sublot  j on  machine  i that  comprises  a portion 
of  sublot  k on  machine  i 1.  The  binary  variable  yijk  indicates  whether  or  not  the 
variable  Xijk  is  zero  or  greater  than  zero.  Furthermore,  Tij  is  the  completion  time 
of  sublot  j on  machine  i.  The  constraint  defined  by  (4.1)  insures  that  the  sum  of  all 
sublots  on  each  machine  is  equal  to  the  unit  lot.  The  set  of  constraints  defined  by 
(4.2)  states  that  the  sum  of  all  n portions  of  a sublot  on  a given  machine  must  be 
equal  to  that  sublot.  The  next  set  of  constraints  defined  by  (4.3)  states  that  the  sum 
of  the  portions  of  all  n sublots  on  a given  machine  that  contributes  to  sublot  k on 
the  succeeding  machine  must  be  equal  to  sublot  k on  the  succeeding  machine.  The 
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set  of  constraints  defined  by  (4.4)  sets  yijk  to  0 or  1 based  on  the  value  of  Xijk-  The 
remaining  constraints  are  all  the  same  as  in  the  m/C/II/CV/n  problem  except  for 
the  constraints  defined  by  (4.7).  As  in  the  m/C/II/CV/n  problem,  these  constraints 
govern  the  completion  time  of  sublots  on  machines.  However,  this  set  of  constraints 
states  that  the  completion  time  of  a sublot  on  a given  machine  must  be  greater  than 
or  equal  to  the  processing  time  of  that  sublot  on  that  machine  plus  the  completion 
time  of  the  last  portion  of  the  last  sublot  on  the  preceding  machine  that  is  used  to 
comprise  the  sublot  in  question. 


{Bl)  Min  Tmn 
s.t. 


(4.1) 

V X-  = 1 

(4.2) 

2^k=l  ~ 

(4.3) 

2^j—\  ^ijk  ~ ^i-kl,k 

(4.4) 

^ijk  ^ Vijk 

(4.5) 

Tn  > PiXu 

(4.6) 

Tij  ^ Tij—i  -}■  PiXij 

(4.7) 

Tij  ^ (T{^\^k  T Pi^ij 

v^n 

~Pi-l  2^h-j+l 

(4.8) 

O 

Al 

(4.9) 

Xij  > 0 

(4.10) 

^ijk  ^ 0 

(4.11) 

Vijk  G (0,  1 ) 

Vi 

i G {l,2,...,m-  l},Vj 
i G {1,2, . . . ,m  — 1}  , VA: 
i G {1,2,. ..,m  - l},Vj,A: 

Vi,i 

i G {2, 3, . . . , m}  , V/,  k 

Vi,i 

Vi,i 

i G {1,2,. . . ,m  - 


i G {1,2,. ..,m  - l},Vi,A; 
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As  with  the  consistent  sublot  lot  streaming  problem,  this  problem  also  has  a net- 
work interpretation.  As  usual,  the  goal  is  to  find  the  shortest  of  all  longest  paths  in 
the  network  and  the  sublot  sizes  that  give  this  longest  path.  The  network  for  the 
3/V/II/CV/3/RD  problem  is  shown  in  Figure  4.3.  The  interpretation  of  the  horizon- 
tal and  vertical  arcs  are  the  same  as  the  network  representation  of  the  m/C/II/CV/n 
problem.  However,  now,  the  arc  emanating  from  node  (i,j)  and  incident  on  node 
{i  -f  l,k)  represents  the  processing  time  of  sublot  k on  machine  i + 1 less  the  pro- 
cessing time  of  the  “uncontributed”  portion  of  sublot  j on  machine  i only  if  sublot  j 
contributes  a portion  of  its  sublot,  while  being  processed  on  machine  ^,  to  sublot  k 
that  is  being  processed  on  machine  i -\-  1.  The  processing  time  of  this  uncontributed 
portion  is  omitted  since  the  processing  of  sublot  k on  machine  i-\-\  begins  before  the 
completion  of  sublot  j on  machine  i. 


Figure  4.3.  Network  Representation  of  the  3/V/II/3/RD  Problem 
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Since  the  formulation  of  the  m/V/II/CV/n/RD  is  a non-linear  integer  program- 
ming  problem,  it  is  not  an  easy  problem  to  solve.  However,  the  m/V/II/CV/n/RD 
problem  can  be  solved  optimally  using  a branch  and  bound  procedure.  The  branch 
and  bound  procedure  solves  a series  of  non-linear  programs  to  arrive  at  the  optimal 
solution.  The  procedure  is  not  unlike  branch  and  bound  procedures  used  to  solve 
linear  integer  programs.  First,  the  relaxed  problem  is  solved  to  obtain  a lower  bound 
to  the  problem.  This  lower  bound  is  placed  in  node  1 of  a branch  and  bound  tree. 
Also,  the  consistent  sublot  solution  is  obtained  as  the  upper  bound  to  the  problem. 
This  is  labeled  the  incumbent  solution.  (The  incumbent  solution  is  the  best  solution 
obtained  at  that  point  with  all  integer  variables  set  at  integer  values.)  Node  1 is 
located  at  level  0 of  the  branch  and  bound  tree.  Next,  an  integer  variable  whose  re- 
laxed NLP  value  is  non-integer  is  set  to  0 and  the  resulting  relaxed  program  is  solved. 
This  solution  is  placed  in  node  2.  This  node  is  placed  at  level  1 since  one  integer 
variable  has  now  been  set.  The  two  nodes  are  linked  by  a branch  emanating  from 
node  1 and  incident  on  node  2.  Next,  the  same  variable  is  set  to  1 and  the  resultant 
relaxed  problem  is  solved.  This  solution  placed  in  node  3;  also  at  level  1.  A branch 
emanating  from  node  1 also  links  node  1 to  node  3.  At  this  point  nodes  2 and  3 are 
tip  nodes  of  the  branch  and  bound  tree;  they  do  not  have  branches  emanating  from 
them  that  link  them  to  nodes  at  lower  levels.  However,  at  this  point,  the  tip  node 
that  contains  the  smallest  optimal  value  is  taken  from  the  list  of  tip  nodes.  From  this 
node,  two  nodes  are  created  at  the  next  level  by  solving  the  relaxed  problem  with 
another  integer  variable  set  to  zero  and  one.  This  is  the  branching  process  of  the 
procedure.  After  this  pair  of  nodes  is  created,  a check  is  made  to  ascertain  whether 
any  tip  nodes  should  be  fathomed.  A tip  node  is  fathomed  only  when  it  has  been 
determined  that  the  optimal  solution  can  not  be  obtained  from  any  descendant  of 
that  node.  This  occurs  when  the  incumbent  solution  is  smaller  than  or  equal  to  the 
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Figure  4.4.  4 Machine  Work  Facility 


optimal  solution  obtained  at  that  node.  If  at  any  given  node  the  relaxed  problem 
yields  an  all  integer  solution,  this  node  is  also  be  fathomed.  The  optimal  objective 
value  at  this  node  is  then  be  compared  with  the  incumbent  solution.  If  this  optimal 
objective  value  is  better  than  the  incumbent  solution  it  is  declared  the  new  incumbent 
solution.  The  upper  bound  is  updated  at  that  node  to  the  optimal  objective  value. 
This  is  the  bounding  process  of  the  procedure.  The  branching  and  bounding  process 
continues  until  the  optimal  solution  is  obtained. 

The  procedure  described  above  does  not  explicitly  enumerate  every  node  in  the 
branch  and  bound  tree.  However,  the  nodes  not  explicitly  enumerated  are  implicitly 
enumerated  since  a lower  bound  that  is  larger  than  the  optimal  solution  is  obtained 
for  the  restricted  relaxed  problems  at  these  nodes.  Lower  bounds  for  these  nodes 
are  obtained  because  the  constraint  set  of  {Bl)  is  convex  (as  are  all  the  constraint 
sets  obtained  by  restricting  the  integer  variables  to  be  either  zero  or  one).  Since  the 
constraint  set  is  convex,  any  solution  to  a relaxed  problem  with  a variable  set  at  some 
level  other  than  optimal  always  yields  an  objective  value  greater  than  or  equal  to  that 
of  the  restricted  relaxed  problem. 

Now  consider  the  problem  to  find  the  optimal  sublot  sizes  of  two  sublots  that 
results  in  the  smallest  makespan  for  the  flowshop  given  in  Figure  4.4.  The  numbers 
in  the  boxes  in  Figure  4.4  indicate  the  processing  time  of  the  machines.  Recall 
that  in  this  problem,  a sublot  can  be  re-sized  on  a machine  before  it  has  completed 
processing  on  that  machine.  Using  the  branch  and  bound  procedure  described  above, 
an  objective  function  value  of  101.626  is  obtained. 
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The  problem  solved  above  is  one  of  modest  size.  For  larger  problems  the  branch 
and  bound  procedure,  however,  can  become  unwieldy.  Also,  although  this  branch 
and  bound  procedure  is  quite  easy  to  implement,  unfortunately,  it  fails  to  solve  large 
problems.  As  a result,  it  necessary  to  devise  other  algorithms  to  solve  the  problem. 

One  such  polynomial  time  heuristic  is  given  by  Triestch  and  Baker  [18].  This 
heuristic  calculates  ratios  of  processing  times  of  each  pair  of  adjacent  machines  i and 
i + 1 for  i = 1, . . . , m — 1.  These  ratios  can  be  thought  of  as  the  Zk  values  that  are 
used  to  determine  the  sublot  sizes,  or  Xj  values,  in  the  m/C/II/CV/n  problem.  These 
ratios,  or  Zk  values,  are  used  to  determine  the  sublot  sizes  for  each  pair  of  machines  i 
and  i + 1,  ^ = l,...,m  — 1.  Hence  the  sublot  sizes  for  each  pair  of  adjacent  machines 
i and  i + 1 are  formed  just  as  in  the  m/C/II/CV/n  problems  in  following  manner; 


n— ? 
.2.- 


Xa  — 


for  i = 1, . . . , n — 1 


En 

k=l 

where  x*  is  the  size  of  sublot  j on  machines  i and  i + 1,  = Pijpi+i  and  p,  is  the 

processing  time  of  the  entire  lot  on  machine  i.  The  heuristic  given  by  Triestch  and 
Baker  [18]  for  the  m/V/II/CV/n/RD  problem  is  given  is  given  below. 

m/V/II/CV/n/RD  Heuristic  A 


1.  Set  i = 1. 

2.  Let  2 Then, 

i ^ 

j ~ ^n-l  ^n-2  .p  _ _ ^ 2 + 1 

for  j = 1,2,  ...,n  — l,n.  These  are  the  sizes  of  the  n sublots  for 
machines  i and  i + 1.  If  i + 1 < m,  set  i — i-\-\  and  repeat  this  step. 

3.  The  makespan  is  M = x\pi  + p„. 

For  the  problem  given  in  Figure  4.4,  the  heuristic  procedure  produces  a makespan  of 
103.7  and  its  schedule  is  shown  in  Figure  4.5.  On  this  schedule,  the  boxes  represent 
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the  processing  of  a sublot  on  a machine  and  the  number  in  each  box  represents  its 
processing  time.  The  first  box  on  each  line  represents  the  processing  of  sublot  1 and 
the  second  box  represents  the  processing  of  the  second  sublot.  In  this  schedule,  there 
are  two  values  for  the  sublot  sizes  on  machines  2 and  3;  the  sublot  sizes  entering  the 
machines  and  the  sublot  sizes  exiting  the  machines.  The  sizes  of  sublot  1 entering 
machines  2 and  3 are  5/9  and  1/26,  respectively,  while  the  sublot  sizes  exiting  those 
machines  are  1/26  and  10/11,  respectively.  The  size  of  sublot  1 exiting  machine  2, 
1/26,  is  the  same  size  of  sublot  1 entering  machine  3 as  required. 


Figure  4.5.  Sample  Schedule  of  m/V/II/CV/n/RD  Heuristic  A 


However,  this  heuristic  can  be  improved  upon  be  making  a few  simple  observations 
about  the  m/V/II/CV/n/RD  problem.  In  this  problem,  if  machine  i is  idle  at  any 
time  during  the  processing  of  the  entire  lot,  re-sizing  sublots  on  this  machine  does 
not  reduce  the  makespan.  The  proof  of  this  is  given  by  Theorem  20. 
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Theorem  20  In  the  m/V/II/CV/n/RD  problem,  if  machine  i is  idle  at  some  point  the 
processing  of  the  entire  lot,  resizing  sublots  sublots  on  machine  i does  not  decrease 
the  makespan. 

Proof:  Let  machine  i be  idle  at  some  point  during  the  processing  of  the  lot.  Also, 
let  Xj,  j = 1, ...  ,n,  he  the  sublot  sizes  on  machine  i.  Finally,  let  machine  ^ be  idle 
before  the  processing  of  sublot  i + 1.  If  sublot  j,  xj  is  increased  by  6xj,  it  must  be 
delayed  by  piSxj  time  units.  Futhermore,  it  must  be  delayed  by  the  idle  time  prior 
to  the  processing  of  sublot  Xj+i.  This  delays  the  processing  of  sublot  xj  on  machine 
« + 1 by  piSxj  + the  idle  time  prior  to  the  processing  of  sublot  j + 1.  Depending 
on  the  idle  time  between  xj  and  this  delay  may  delay  the  completion  times 

of  sublots  j + l,...,n,  on  machine  i.  As  a result,  at  best,  the  makespan  will  not 
be  increased.  Note  that  increasing  x„  increases  the  completion  time  of  the  lot  on 
machine  i.  Decreasing  a sublot  Xj  results  in  the  same  situation.  In  this  situation, 
some  other  sublot  must  be  increased  which  gives  the  prior  result.  □ 

In  order  to  solve  this  problem,  a method  of  determining  the  machines  on  which 
sublots  are  re-sized  is  needed.  Theorem  21  provides  a first  step  in  finding  these 
machines. 

Theorem  21  For  any  solution  of  the  m/V/II/CV/n/RD  problem,  where  machine  i, 
i < m is  the  last  machine  that  processes  the  entire  lot  continuously,  there  exists  a 
better  solution  where  machine  i' , i < i',  also  processes  the  lot  continuously. 

Proof:  On  the  schedule  in  Figure  4.6,  the  lot  is  processed  continuously  only  on 
machine  i.  On  this  schedule,  if  machine  i'  is  idle  between  the  processing  of  sublot  j 
and  i T 1,  sublot  j can  be  increased  and  sublot  j + 1 decreased  by  that  same  amount 
until  the  idle  time  between  the  processing  time  of  sublots  j and  7 + 1 is  zero.  This 
can  be  done  for  every  sublot  pair  Xj  and  Xj+i.  When  this  is  done  for  every  sublot 
pair  Xj  and  j = l,...,n  — 2,  the  makespan  does  not  change.  However,  when 
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this  is  done  for  the  sublot  pair  x„_i  and  Xn,  the  makespan  is  decreased  because  Xn  is 
decreased.  This  improves  the  makespan  of  the  problem.  □ 


Figure  4.6.  Partial  m/V/II/CV/RD/n  Schedule 

Because  by  Theorem  21,  there  are  at  least  two  machines  that  operate  continuously 
in  the  optimal  solution  of  any  instance  of  the  m/V/ll/CV/n/RD  problem,  the  first 
and  the  last  machines.  Now,  because  of  Theorem  20,  sublots  can  be  re-sized  only 
on  machines  that  operate  continuously.  If  machines  h'  and  h",  h'  < h,"  are  two 
machines  that  operate  continuously  on  the  lot,  the  machines  between  those  machines 
either  also  work  continuously  or  are  idle  for  some  period.  Since  machines  h'  and  h" 
operates  continuously,  the  best  way  to  insure  that  the  lot  is  completed  on  machine 
h"  as  quickly  as  possible  is  require  that  the  following  equation  is  satisfied. 

h"  h" 

Xj  = (4-12) 

i=zh'-\-l  i=h* 

for  j = 1, . . . , n — 1.  This  equation  requires  that  sublot  j completes  it  processing  on 
machine  i -f  1 at  the  same  time  that  sublot  j + 1 completes  its  processing  on  machine 
i.  This  allows  sublot  machine  i + 1 to  be  available  to  process  sublot  ^ + 1 just  at  the 
moment  that  j + I has  completed  its  processing  on  machine  i. 
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In  addition,  because  the  machines  between  machines  h'  and  h"  must  be  idle  or 
must  operate  continuously,  the  following  equation  must  be  satisfied. 


Xi 


(4.13) 

i—h'+l  i=h' 

for  j = l,...,n  — 1,  and  h'  < k < m.  From  Equation  4.12  the  following  expression  is 


obtained. 

X,  P.  T(h',k"-l) 

^1+'  EilvP.  T{h'  + l,h") 

Similarly,  from  Equation  4.13  the  following  expression  is  derived. 

EL.P.  nh'  + hh)' 

Because  of  Equations  4.14  and  4.15,  the  following  expression  is  obtained 

T{h',h"-1)  ^ T{h\k-l) 

T{h'  + l,h")  - T{h'  + l,k) 


(4.14) 


(4.15) 


where  h'  < k < m.  Accordingly,  if  it  is  known  that  machine  h'  processes  the  lot 
continuously,  then  another  machine  h",  h'  < h",  that  processes  the  lot  continuously, 
can  be  found  because 


™^\T{h'  + l,k)  J - T{h'  + l,h"Y 

where  h'  < k < m.  In  the  m/C/ll/CV/n  lot  streaming  problem,  if  h'  is  an  index  such 
that  some  ratio  of  sublot  sizes  z is  bounded  as 


T(l,h>-1)  ^ ^ TjhYk-l) 

r(( + !,/>')  - T{k'  + i,k) 


(4.16) 


where  I < h'  < k,  is  called  a feasible  index.  (Special  conditions  exist  for  machine 
indices  1 and  m to  be  feasible  indices  in  the  m/C/II/CV/n  lot  streaming  problem.)  In 
addition,  as  shown  previously,  if  some  variable  2;  can  be  bounded  as  in  Equation  4.16 
and  if 


. (T{h',k-1)]  T(h',h"-l) 

mm  < > = — ^ 

h’<k\T{h' + l,k)  } T{h'-\-l,h") 


151 


where  h'  < h",  then  h"  is  a feasible  index,  or  if 

T{h",h’-\) 

[T{l  + l,h')}  T{h"+l,h’) 

where  h"  < /?/,  then  h"  is  a feasible  index.  Hence,  if  the  set  of  feasible  machine 
indices  in  the  m/C/II/CV/n  problem  is  identified,  the  set  of  indices  of  machines  that 
processes  the  lot  continuously  in  the  m/V/ll/CV/n/RD  problem  is  obtained. 

Now,  by  Theorem  20,  if  h'  and  h'\  h'  < h",  are  adjacent  machines  that  operate  con- 
tinuously, machines  h'  through  h"  must  use  consistent  sublots,  and  the  m/C/II/CV/n 
lot  streaming  subproblem  consisting  of  machines  h'  through  h"  must  be  solved  to  give 
the  best  consistent  sublot  solution  for  this  set  of  machines.  In  the  m/C/II/CV/n  lot 
streaming  problem,  each  ratio  of  sublot  sizes 


Zk  = 


Xk 

Xk-\-\ 


the  ratio  of  sublot  Xk  to  sublot  ^^4,1,  is  determined  by  two  adjacent  feasible  indices. 
However,  in  this  subproblem,  since  there  are  only  two  feasible  indices  in  the  sub- 
problem, h'  and  h'\  each  Zk^  k — — I,  must  be  set  at 

T{h\h"  -1) 

T{h'^l,h"Y 

Then,  the  sublots  that  minimizes  the  sub-problem  that  consist  of  machines  h'  through 


h"  are 


x\ 


nn—\ 


YZl  ns  + 1 


Xi 


nn—\ 
3=i  ^3 


ns  + 1 


Xfi  — 


1 


En— 1 ^n— 1 

k=l  lljzrfc 


Zj  -(- 1 
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In  order  to  solve  the  m/V/II/CV/n/RD  problem,  all  feasible  indices  in  the  m/C/II/CV /n 
problem  must  be  found.  Next,  consistent  sublot  lot  streaming  solutions  must  be  ob- 
tained for  sub-problems  consisting  of  machines  from  one  feasible  index  to  its  adjacent 
feasible  index.  The  solutions  of  these  problems  can  then  be  concatenated.  For  ex- 
ample, if  a problem  consists  of  feasible  indices  {l,h,h',h",m},  then  the  consistent 
sublot  solution  must  be  obtained  for  subproblems  consisting  machines  {1,...,/*}, 

and  These  solutions  are  then  concatenated. 

On  each  machine  that  operates  continuously,  there  are  two  sets  of  sublot  sizes:  the 
sublot  sizes  entering  the  machine  and  the  sublot  sizes  exiting  the  machine.  These 
sets  of  sublot  sizes  are  determined  by  adjacent  sub-problems.  Based  on  these  ob- 
servations, an  algorithm  for  the  m/V/II/CV/n/RD  problem  is  given  below.  It  uses 
Feasible  Index  Search  Algorithm  to  find  the  feasible  indices  and  then  determines  the 
sizes  of  the  consistent  sublots  that  give  the  optimal  consistent  sublot  solution  on  the 
sub-problems  consisting  of  and  including  machines  with  indices  between  two  adjacent 
feasible  indices. 


Search  Algorithm  m/V/II/CV/n/RD 

1.  Set  z = 1 and  label  it  the  initial  feasible  index.  Let  c = 1. 

2.  Set 

fT{i,k-l)]  T(z,z'-1) 

^ T>?|r(z  + l,A:)j  T{i  + l,i') 

where  i',  i'  > z,  is  the  smallest  index  for  which  the  equation  above  is 
valid.  The  index  z'  is  a feasible  index  and 

c 

X ■ 

J ^n-\  _j_  q.  _ _ 2 -j-  1 

for  / = 1,2,  ...,n  — 1,7Z.  These  are  the  sizes  of  the  n sublots  of 
machines  z through  z'  — 1.  Also,  set  Pc  = YllZl  Pk-  If  i'  < set 
z = z',  let  c = c -F  1 and  repeat  this  step. 
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3.  The  makespan  is  M = x\Pi  + 


The  complexity  of  this  algorithm  is  0{m3  + n).  Finding  the  feasible  indices  in 
the  m/C/II/CV/n  requires  0{m^)  operations.  Obviously,  this  algorithm  requires  n 
operations  to  find  the  sublot  sizes.  Using  this  procedure  to  solve  the  problem  given 
above  the  following  steps  are  obtained; 


1.  Set  the  z = 1,  it  is  the  initial  feasible  index.  Let  c = 1. 


2. 


. f 5 9 109 

2 = mm  < , 

k>i  14’  104’  114 


9 

104' 


Then,  j = 3 hence  index  3 is  the  next  feasible  index.  Also, 

1 2 9 


ar,  = 


Xo  = 


z + 1 
1 

zTT 


113 

104 

Il3' 


These  are  the  sublot  sizes  for  machines  1 and  2.  In  addition.  Pi  = 9. 
Since  3 < 4,  set  i'  = 3 and  c = c + 1 = 2 and  repeat  step  2. 


. f 100 

z = mm  < — 
fc>3  I 10 


= 10. 


Then,  = 4 hence  index  4 is  the  next  feasible  index.  Also, 


Xn 


z 

10 

^ + 1 

~ 11 

1 

1 

z+1 

" 11' 

These  are  the  sublot  sizes  for  machines  2 and  3.  Also,  P2 
Since  i'  — 4,  these  are  also  the  sublot  sizes  for  machine  4. 


100. 


3.  The  optimal  makespan  is  M = (77^)9  + (77)100  4-  10  = 101.626. 
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The  schedule  of  solution  given  by  Search  Algorithm  m/V/II/CV/n/RD  for  this 
instance  of  the  problem  is  given  in  Figure  4.7.  At  each  machine  whose  index  is  a 
feasible  index,  except  the  first  and  last,  there  is  some  ambiguity  about  the  size  of  the 
sublot.  On  these  machines,  there  are  two  values  for  the  sublots  sizes:  the  value  of 
the  sublot  sizes  entering  the  machine  and  the  value  leaving  that  machine.  These  are 
both  valid  sublot  sizes  since  the  sublots  entering  the  machine  has  one  size  but  has 
another  when  leaving  the  machine.  To  fully  understand  the  solution  procedure  and 
the  schedule  of  the  solution  provided  by  Search  Algorithm  m/V/II/CV/n/RD,  the 
schedule  for  the  problem  solved  above  is  given  in  Figure  4.7. 


0.0  101.6 

Figure  4.7.  Search  Algorithm  m/V/II/CV/n/RD  Sample  Schedule 


4.2  The  m/V/II/CV/n/RA  Problem 

In  the  m/V/II/CV/n/RA  problem,  a sublot  must  complete  processing  on  a ma- 
chine before  it  can  be  reconfigured  or  re-sized  into  different  sublot  sizes.  This  problem 
can  be  formulated  as  a non-linear  integer  programming  problem  and  is  given  below. 
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{B2) 

Min  Tmn 

s.t. 

(4.17) 

E"=i  = 1 

Vz 

(4.18) 

2-jk=i  ~ 

z G {l,2,...,m  - l},Vi 

(4.19) 

i {1,2,  ...,m  — 1},VA; 

(4.20) 

VI 

z G {l,2,...,m  - l},Vj,^ 

(4.21) 

Til  > PiXu 

(4.22) 

Tij  ^ Ti  j—\  piXij 

yij  G {2,3,...,n} 

(4.23) 

Tij  ^ {Ti—\^k  T PiXij)yi—i^k,j 

^i,j,ke  {2,3,...,n} 

(4.24) 

T,  > 0 

v«,i 

(4.25) 

tv 

o 

v*,i 

(4.26) 

o 

Al 

i G {1,2,  ...,m  - l},^j,k 

(4.27) 

yijk  G (0,  1) 

i G {1,2,  ...,m-  l},yj,k 

The  constraints  of  this  problem  are  all  the  same  as  in  the  m/V/II/CV/n/RD  problem 
except  for  the  constraints  defined  by  Equation  (4.23).  This  set  of  constraints  states 
that  the  completion  time  of  a sublot  on  a given  machine  is  greater  than  or  equal  to 
the  processing  time  of  that  sublot  plus  the  completion  time  of  the  last  sublot  on  the 
preceding  machine  that  contributed  a portion  of  its  sublot  to  the  sublot  in  question. 

Note  that  if  yijk  — 1 for  j = k and  yijk  = 0 for  j ^ k,  this  formulation  reduces 
to  the  formulation  of  the  m/C/II/CV/n  problem.  This  is  expected  since  yijk  — 1 for 
j = k indicates  that  sublot  j on  machine  i will  contribute  a portion  of  its  sublot  to 
sublot  j on  machine  i + 1.  That,  in  addition  to  the  condition  that  yijk  = 0 for  j ^ k, 
indicates  that  the  only  sublot  on  machine  i that  contributes  to  sublot  j on  machine 
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z + 1 is  sublot  j.  As  a result,  the  sublots  will  be  consistent  across  all  machines.  Since 
this  is  the  case,  the  formulation  of  the  consistent  sublot  problem  is  a special  case 
of  the  formulation  of  the  m/V/II/CV/n/RA  problem  and  its  solution  is  always  an 
upper  bound  to  solution  of  the  m/V/II/CV/n/RA  problem. 

As  with  the  m/C/II/CV/n  problem,  this  problem  also  has  a network  interpreta- 
tion. Again,  the  problem  is  to  find  the  longest  path  in  the  network  with  the  smallest 
makespan  and  the  corresponding  x,’s  on  each  machine.  The  network  for  a 3-machine, 
3-sublot  problem  is  shown  in  Figure  4.8. 


Figure  4.8.  Network  Representation  of  the  3/V/II/CV/4/RA  Problem 

In  Figure  4.8,  he  interpretation  of  the  vertical  and  horizontal  arcs  are  the  same  as 
before.  However,  the  arc  emanating  from  node  (^,i)  and  incident  on  node  (i  -f-  1,A:) 
for  k < j represents  the  processing  time  of  sublot  j on  machine  ^ only  if  sublot  j 
contributes  a portion  of  its  sublot  to  sublot  k on  machine  i -f  1.  The  set  of  constraints 
defined  by  Equation  (4.23)  in  (B2)  imposes  these  diagonal  precedence  constraints. 
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4.2.1  Solution  Techniques  for  the  m/V/II/CV/2/RA  Problem 

Since  the  formulation  of  the  m/V/II/CV/2/RA  is  a non-linear  integer  program- 
ming problem  it  is  not  an  easy  problem  to  solve.  However,  the  m/V/II/CV/2/RA 
problem  can  be  solved  optimally  by  using  the  branch  and  bound  procedure  for  the 
m/V/II/CV/2/RD  problem.  Since  the  change  in  the  constraint  set  does  not  alter 
the  convexity  of  the  problem,  the  same  branch  and  bound  procedure  can  be  ap- 
plied to  this  problem.  However,  for  the  m/V/H/CV/2/RD  problem  a tight  lower 
bound  on  the  solution  has  not  been  obtained.  Here,  though,  a lower  bound  can 
be  obtained.  This  lower  bound  is  the  solution  to  the  problem  obtained  by  Search 
Algorithm  m/V/H/CV/2/RD. 

Consider  the  problem  to  find  the  optimal  sublot  sizes  of  two  sublots  which  results 
in  the  smallest  makespan  for  the  flowshop  given  in  Figure  4.4.  In  this  problem,  a 
sublot  must  complete  processing  on  a machine  before  it  can  be  re-split.  Using  the 
branch  and  bound  procedure  described  above,  an  optimal  value  of  107.687  is  obtained. 

The  problem  solved  above  is  one  of  modest  size.  For  larger  problems  the  branch 
and  bound  procedure,  however,  can  become  unwieldy.  Also,  although  this  branch  and 
bound  procedure  is  quite  easy  to  implement,  it  unfortunately  fails  to  solve  large  prob- 
lems. As  a result,  it  necessary  to  devise  polynomial  time  algorithms  for  the  problem. 
One  optimal  algorithm  is  devised  by  observing  that  the  m/V/H/CV/n/RA  problem 
is  decoupled  into  subproblems  when  the  sublots  are  re-sized.  When  this  occurs,  the 
sum  of  the  makespans  of  these  decoupled  subproblems  is  the  makespan  of  the  original 
m/V/H/CV/n/RA  problem.  Every  subproblem  must  contain  at  least  two  machines 
and  has  consistent  sublots  across  its  machines.  The  optimal  makespan  of  each  sub- 
problem can  be  found  by  using  m/C/H/CV/n  Search  Algorithm  B.  However,  even  if 
the  optimal  solution  can  be  obtained  for  each  subproblem,  the  correct  decoupling  of 
the  problem  must  be  found  to  solve  the  m/V/H/CV/n/RA  problem.  This  is  done 
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by  finding  all  combinations  of  decoupled  problems  and  choosing  the  best  one.  The 
algorithm  below  finds  all  combinations  of  decoupled  subproblems  and  returns  the 
smallest  sum  of  decoupled  makespans  as  the  optimal  makespan. 

Combinatorial  Algorithm  m/V/II/CV/2/RA 

1.  Set  M = oo. 

2.  For  ? = 2 to  m — 2 

find  the  makespan  of  the  subproblem  consisting  of  machines  1 through 
i using  m/C/II/CV/n  Search  Algorithm  B.  Set  this  makespan  to  Mj. 

Use  this  algorithm  to  find  the  makespan  of  the  subproblem  consisting 
of  machines  z + 1 to  m.  Set  this  makespan  to  M2.  If  f + 1 = m,  then 
set  z = * ■ + 1 and  go  to  step  2.  Else  if  f + 1 > m,  then  set  M2  = 0. 

Set  M = Ml  + M2. 

3.  The  optimal  solution  is  M. 

The  makespan  of  the  instance  of  the  problem  given  in  Figure  4.4  using  Search 
Algorithm  m/V/II/CV/2/RA  is  107.687.  The  schedule  of  this  solution  is  shown  in 
Figure  4.9.  Notice  that  the  solution  given  here  is  the  same  as  the  solution  obtained 
by  the  branch  and  bound  procedure  given  above. 
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Figure  4.9.  Search  Algorithm  m/V/II/CV/n/RA  Sample  Schedule 
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Another  algorithm  can  be  devised  by  making  the  following  observations  about  the 
m/C/ll/CV/2  problem.  First,  if  indices  i and  j are  the  feasible  indices  such  that 
i < j,  for  some  instance  / of  the  problem,  they  are  also  the  critical  indices  for  the 
problem  instance  I'  which  consists  of  the  machines  i through  j in  instance  I of  the 
problem.  Second,  since  these  indices  are  critical  for  the  problem  instances  I and  /', 
they  must  possess  the  same  optimal  sublot  sizes.  Now,  since  indices  i and  j provide 
the  answer  to  the  shortest  of  all  longest  paths  from  nodes  (z,  1)  to  (j,  2)  in  the  network 
interpretation  of  the  m/C/ll/CV /n  problem,  all  that  is  needed  is  the  optimal  solutions 
of  the  problem  instances  I"  and  I'"  which  consists  of  machines  1 through  i — 1 and 
j + 1 through  m,  respectively.  If  the  makespans  of  these  problem  instances,  I'  and 
are  less  than  the  length  of  the  path  from  nodes  (1, 1)  to  (i,  1)  and  (i,  2)  to  (m,2), 
respectively,  then  the  optimal  sublot  sizes  for  these  problem  instances  should  be  used 
as  the  sublot  sizes  on  the  machines  which  comprise  them.  Using  these  observations, 
the  following  heuristic  procedure  was  devised.  This  procedure  partitions  the  problem 
into  sub-problems  based  on  the  location  of  the  critical  machines  in  the  m/C/II/CV/2 
problem.  It  then  finds  the  the  consistent  sublot  solution  of  the  resultant  sub-problems 
using  Search  Algorithm  m/C/II/CV/2  given  in  Chapter  3.  This  procedure  may  yield 
a consistent  sublot  solution  in  one  extreme  and  as  many  as  [yj  different  sets  of 
consistent  sublot  solutions  at  the  other  extreme.  This  heuristic  for  the  m x 2 RA 
problem  follows.  However,  first,  let  P be  the  set  of  partitioned  sub-problems.  Also, 
let  Pij  be  the  partitioned  sub-problem  consisting  of  machines  f,  z + l, . . . , j.  In  addition, 
let  l{Pij)  and  J{Pij)  be  the  critical  indices  of  the  partitioned  problem  Pij  such  that 
I{Pij)  < J{Pij).  Finally,  let  X{Pij)  be  x\,  the  sublot  size  of  sublot  1 for  the  problem 
Pij  and  Mij  be  the  makespan  of  sub-problem  Pij. 
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Search  Algorithm  m/V/II/CV/2/RA 

1.  Let  P = {Pi,m}  ■ Solve  Pi^m  using  search  algorithm  m/C/ll/CV/2 

and  obtain  the  two  critical  indices  /(Pi,m)  and  J{P\,m)  and 
sublot  1. 

2.  Select  a partitioned  problem  Pkj  from  P and  let  P = PjPk,i-  Set 

i = l{Pk,i),  j = J{Pk,l)  and  x = X{Pk,i). 

3.  If  ^ G {k,  A:  + 1}  and  j G {/  — 1,  /}  then  a;  is  a solution  for  Pk,i-  This 

problem  can  not  be  sub-divided.  Go  to  Step  5. 

Else  if  i G {k,k  + 1}  then  x is  a solution  for  Pkj.  Go  to  Step  4c. 
Else  if  G {/  — 1,  /}  then  x is  a solution  for  Pij.  Go  to  Step  4b. 
Otherwise  a;  is  a solution  for  Pij.  Go  to  Step  4a. 

4a.  Using  search  algorithm  m/C/ll/CV/2  solve  the  problem  Pk,i-i  and 
obtain  its  critical  indices  and  J(Pt,i-i),  its  sublot  1,  X{k,  i — 

1),  and  the  makespan  M{k,i  — 1).  Also,  solve  the  problem  Pj+i,i  and 
obtain  its  critical  indices  and  J{Pj.^.ij)  as  well  as  its  sublot 

I,  X{j  /),  and  the  makespan  M{j,  / — 1).  If  Mk,i-i  < xT{k, « — 1) 
then  P = P U Pk,i-\i  otherwise  ar  is  a solution  for  Pk,i-\-  If  Mj+ij  < 
(1  — x)T{j  + 1,/)  then  P = P U Pj.^i,h  otherwise  a;  is  a solution  for 
Go  to  Step  5. 

4b.  Using  search  algorithm  m/C/lI/CV/2  solve  the  problem  Pk,i-i  and 
obtain  its  critical  indices  I(Pk,i-\)  and  J(Pt,t-i)  as  well  as  its  sublot 
1,  X{k,i  — 1),  and  the  makespan  M(A:,  i — 1).  If  < xT{k,  i — 1) 

then  P = P \J  otherwise  ar  is  a solution  for  Pk,i-i-  Go  to  Step 

5. 

4c.  Using  search  algorithm  m/C/II/CV/2  solve  the  problem  and 

obtain  its  critical  indices  7(Pj4-i,/)  and  J{Pj+u)  as  well  as  its  sublot  1, 
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X(j  + 1, /),  and  the  makespan  M(j  + 1, /).  If  < {l  — x)T{j  + l,l) 

then  P = P [J  Pj+i,/,  otherwise  x is  a solution  for  Pj+1,1- 

5.  If  P / {0}  go  to  Step  2.  Otherwise  end. 

Note  that  this  procedure  decouples  the  problem,  however,  it  does  not  test  every 
feasible  decoupling  of  the  problem.  Using  this  algorithm  to  solve  the  instance  of  the 
problem  posed  Figure  4.4,  the  following  sequence  of  steps  are  obtained; 

1.  P = {Pi, 4} , /(P1.4)  = 3,  J(Pi,4)  = 4 and  X(Pi,4)  = . 

2.  Select  Pi, 4 from  P and  let  P = P/P14.  i = /(Pi,4)  = 3,  j ==  J{Pi,4)  = 

4 and  x = X(Pi,4)  =: 

3.  3 ^ {1,2}  , 4 6 {3,4}  and  x = {j  is  sublot  1 for  the  problem  Ps,4.  Go 

to  Step  4b. 

4b.  Solve  Pi,2  and  obtain  /(Pi, 2)  = 1,  '/(Pi, 2)  = 2,  X(Pi,2)  = § and 
Mi,2  = Mi,2  < f|,  hence  P = P U Pi,2-  Go  to  Step  5. 

5.  P = {Pi, 2}  7^  {0}  , go  to  Step  2. 

2.  Select  Pi,2  from  P and  let  P = P/Pi,2.  i = /(Pi, 2)  = U j = J{Pia)  = 

2 and  X = X(Pi,2)  = I 

3.  1 G {1,2}  and  2 G {1,2}  and  x = | is  sublot  1 for  the  problem  Pi,2- 

Go  to  Step  5. 

5.  P = {0}  , stop.  Sublot  1 for  the  sub-problem  [1,2]  is  | and  sublot  1 
for  the  sub-problem  [3,4]  is  {y- 

The  makespan  of  this  problem  using  Search  Algorithm  m/V/II/CV/2/RA  is  then 
(|)5  -f  4 -|-  ( jj)100  -|-  10  = 107.687.  Again,  the  schedule  of  this  solution  is  shown 
in  Figure  4.9.  Notice  that  the  solution  given  here  is  the  same  as  the  solution  ob- 
tained by  the  branch  and  bound  procedure  given  above  and  Combinatorial  Algorithm 
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m/V/II/CV/n/RA.  Also,  note  that  at  machine  3,  sublot  1 must  wait  for  the  comple- 
tion of  sublot  2 because  the  size  of  sublot  1 exiting  machine  2 is  5/9  while  machine  3 
requires  sublot  1 to  be  10/11  before  processing  can  commence.  Hence,  sublot  1 must 
wait  for  the  completion  of  sublot  2 on  machine  2 before  it  can  be  augumented  and 
passed  on  to  machine  3. 

4.2.2  Generalization  of  Solution  Techniques  to  n Sublots 

The  generalization  of  the  branch  and  bound  procedure  to  solve  the  n sublot  prob- 
lem is  trivial.  The  procedure  is  the  same;  however  the  size  of  the  problem  grows 
enormously.  This  growth  is  due  to  the  increased  size  of  the  Xijk  and  yijk  space. 

The  generalization  to  n sublots  of  Search  Algorithm  m/V/II/CV/2/RA  is  not  as 
straightforward  however.  Here  the  issue  is  how  the  problem  should  be  partitioned 
to  apply  Search  Algorithm  m/C/H/CV/n  to  the  partitioned  subproblems.  In  Search 
Algorithm  m/V/H/CV/2/RA,  the  problem  is  partitioned  based  on  the  location  of 
adjacent  feasible  indices.  If  this  is  done  for  the  n sublot  case,  all  ratios  of  sublot  sizes 
will  have  the  same  proportion.  However,  this  does  cover  all  possibilities,  all  ratios  does 
not  necessarily  have  the  same  proportion.  Instead  of  partitioning  the  problem  based 
on  the  location  of  the  two  feasible  indices  in  the  m/C/H/CV /2  problem,  the  problem 
could  be  partitioned  based  on  the  locations  of  n feasible  indices  in  the  m/C/II/CV/n 
problem.  Then,  a solution  procedure  for  the  m/C/H/CV /n  problem  can  be  applied  on 
each  of  the  partitioned  subproblems.  However,  this  rule  breaks  down  when  the  number 
of  feasible  indices  in  the  problem  is  less  then  n which  is  typically  the  case  when  n > 2. 
The  solutions  of  test  problems  using  the  branch  and  bound  procedure  mentioned 
above  also  does  not  lend  any  insight  into  partitioning  rules  for  this  heuristic.  For  all 
the  test  problems,  the  branch  and  bound  procedure  gives  consistent  solutions  when 
u > 3.  Hence,  as  a topic  for  further  research,  a method  of  generating  instances  of 
this  problem  for  n > 2 with  inconsistent  sublot  sizes  can  be  sought.  Also,  good 
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partitioning  rules  can  be  sought  to  obtain  the  solution  to  these  problem  without  the 
use  of  the  branch  and  bound  algorithm. 


CHAPTER  5 

COMPUTATIONAL  RESULTS 


In  Chapters  3 and  4,  algorithms  and  heuristics  are  provided  for  the  consistent  and 
variable  sublot  lot  streaming  problem.  In  this  chapter,  these  algorithms  are  compared 
and  constrasted.  Tests  on  the  algorithms  obtained  for  the  the  m/C/II/CV /n  problem 
are  discussed.  These  tests  reveal  that  m/C/II/CV/n  Search  Algorithm  B given  in 
this  dissertation  to  solve  the  m/C/II/CV/n  problem  is  an  efficient  algorithm.  Also, 
tests  on  the  combinatorial  procedure  given  for  the  m/V/II/CV/n/RA  problem  are 
provided.  Additionally,  solutions  provided  by  this  procedure  are  compared  to  those 
obtained  by  the  search  heuristic  for  the  m/V/II/CV/n/RA  problem.  Einally,  the 
efficiency  of  the  heuristic  given  in  Chapter  4 for  the  m/V/II/CV/n/RD  problem  is 
discussed. 

All  the  algorithms  and  heuristics,  with  the  exception  of  the  ones  provided  for  the 
m/C/II/CV/2  problem,  were  tested  on  20  types  of  problem  instances.  The  upper 
bound  on  the  largest  processing  time  in  the  problem  instances  was  either  10,  25,  50 
or  100.  Also,  there  were  either  4,  5,  10  or  20  machines  in  each  instance  of  the  problem. 
Ten  instances  of  each  type  were  generated  with  processing  times  uniformly  distributed 
between  1 and  the  upper  bound  on  the  processing  times.  Also,  with  the  exception  of 
the  procedures  for  the  m/C/II/CV/2  problem,  all  procedures  were  implemented  in 
the  C programming  language  and  compiled  and  executed  on  a 80486  IBM  compatible 
machine  operating  at  66  MHz. 
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Algorithm 

CPU  TIMES  in  milliseconds 

10  Machines 

25  Machines 

50  Machines 

B&P 

13 

21 

30 

BISECTION 

15 

21 

33 

D 

13 

21 

33 

A 

14 

26 

49 

Table  5.1.  Processing  Times  Sampled  from  Uniform  Distribution 

5.1  Computational  Results  of  the  2 Sublot  Algorithms 

In  this  section,  the  performances  of  the  algorithms  given  for  the  2 sublot  consis- 
tent problem  are  compared.  Each  algorithm  was  implemented  in  FORTRAN  77  and 
compiled  and  executed  on  a VAX  6320  machine.  Test  problems  of  various  sizes  were 
generated  and  solved  in  batches  of  20.  The  time  required  to  solve  each  batch  of  prob- 
lem instances  as  well  as  the  optimal  makespan  and  sublot  sizes  for  each  instance  in 
the  batch  was  noted.  For  these  tests,  the  variable  K is  set  to  = 6 in  the  Bisection 
Algorithm.  In  Table  5.1,  the  average  CPU  times  obtained  by  using  each  algorithm 
is  given.  In  this  case,  the  instances  in  each  batch  were  generated  by  selecting  the 
processing  times  of  each  machine  from  a uniform  distribution  with  a mean  chosen 
from  a uniform  distribution  [1,100].  The  number  of  machines  in  each  instance  in  a 
batch  was  either  ten,  twenty-five  or  fifty.  Note  that  all  the  algorithms  but  Algorithm 
A require  approximately  the  same  amount  of  time  to  solve  a given  batch  of  prob- 
lem instances.  However,  as  the  number  of  machines  increases.  Algorithm  A requires 
increasingly  more  time  than  the  other  algorithms  to  obtain  a solution.  For  these 
problems,  all  the  algorithms  provide  the  optimal  solution.  In  Table  5.2,  the  results 
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of  testing  the  algorithms  on  another  batch  of  problems  are  given.  The  processing 
times  of  the  machines  in  these  problems  were  generated  such  that  each  problem  has  a 
sequence  of  machines  with  processing  times  allocated  as  the  instance  of  the  problem 
in  Figure  3.9.  The  last  machine,  machine  m,  with  the  smallest  processing  time  was 
chosen  from  a uniform  distribution  [1, 10]  and  the  processing  times  of  machines  m — 1 
through  1 were  obtained  by  adding  1,2,3. . . , m — 1 respectively  to  the  processing 
time  of  machines  m — 1 through  1.  Recall  that  it  is  this  instance  of  problem  that 


Algorithm 

CPU  TIMES  in  milliseconds 

10  Machines 

25  Machines 

50  Machines 

B&P 

14 

18 

29 

BISECTION 

15 

21 

33 

D 

13 

20 

30 

A 

16 

35 

130 

Table  5.2.  Processing  Times  Generated  as  shown  in  Figure  3.9 


the  B&P  Algorithm  may  not  solve  optimally  and  that  may  cause  Algorithm  D to 
perform  several  iterations  of  Step  2a  or  2b  before  finding  the  optimal  solution.  All 
the  algorithms,  with  the  exception  of  Algorithm  A,  require  about  the  same  amount 
of  time  to  solve  the  new  set  of  problem  instances.  This  is  the  case  in  the  previous 
set  of  problem  instances.  Once  again,  as  the  number  of  machines  in  the  problem 
increases.  Algorithm  A requires  increasingly  more  time  than  the  other  algorithms  to 
solve  a batch  of  problem  instances.  All  the  algorithms,  except  the  B&P  Algorithm, 
provided  optimal  solutions  for  these  batches  of  problem  instances. 
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Algorithm 

Ave.  CPU  Times  in  milliseconds 

Search  Alg.  A 

30 

Search  Alg.  B 

13 

Table  5.3.  Comparison  of  Consistent  Sublot  Algorithms 
5.2  Consistent  Sublot  Computational  Results 

In  Section  3.6,  two  solution  procedures  are  provided  for  the  m/C/II/CV/n  prob- 
lem; m/C/II/CV/n  Search  Algorithm  A and  m/C/II/CV/n  Search  Algorithm  B. 
Although  it  is  shown  that,  theoretically,  m/C/II/CV/n  Search  Algorithm  B is  more 
efficient  than  m/C/II/CV/n  Search  Algorithm  B,  run  times  for  each  of  these  algo- 
rithms are  tested  and  compared  using  the  test  problems  described  above.  (Recall  that 
m/C/II/CV/n  Search  Algorithm  A is  an  exponential  algorithm  while  m/C/II/CV/n 
Search  Algorithm  B is  a polynomial  time  algorithm.)  The  results  of  these  tests  are 
show  in  Table  5.3.  These  results  confirm  the  fact  m/C/II/CV/n  Search  Algorithm 
A is  a more  efficient  algorithm.  This  is  expected  since  the  number  of  steps  needed 
by  m/C/II/CV/n  Search  Algorithm  A to  compute  the  solution  is  proportional  to  2^ 
where  g < m is  the  number  of  feasible  indices  in  the  problem.  However,  the  number 
of  steps  needed  to  compute  the  solution  to  the  problem  using  m/C/II/CV/n  Search 
Algorithm  B is  polynomial.  It  must  be  noted,  though,  that  when  g and  n are  small, 
the  two  algorithms  perform  conquerably.  This  occurs  because  the  set  of  feasible  in- 
dices is  small  and  the  search  for  the  feasible  indices  that  determine  the  values  of 
sublot  sizes  is  conducted  over  this  small  index  set.  Then,  for  small  problems  with 
g < 5 and  n < 3,  where  n is  the  number  of  sublots  in  the  problem,  m/C/II/CV/n 
Search  Algorithm  A is  a viable  tool  to  solve  the  m/C/II/CV/n  the  problem. 
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Since  these  algorithms  are  optimal,  extensive  testing  was  not  conducted  on  the 
solution  of  the  m/C/II/CV/n  using  LP  codes.  The  testing  that  was  conducted  re- 
vealed that  it  takes  longer  to  arrive  at  the  solutions  to  the  problem  using  LP  codes 
than  using  m/C/II/CV/n  Search  Algorithm  B (approximately  15%  longer).  Also,  it 
is  infinitely  easier  and  less  time  consuming  to  initialize  m/C/II/CV/n  Search  Algo- 
rithm B with  the  parameters  of  an  instance  of  the  problem  than  to  initialize  the  LP 
codes.  As  a result,  m/C/II/CV/n  Search  Algorithm  B is  more  efficient  to  use. 

5.3  m/V/II/CV/n/RD  Computational  Results 

Experimentation  has  shown  that  Search  Algorithm  m/V/II/CV/n/RD  finds  the 
optimal  solution  for  each  of  the  test  problems  solved.  It  appears  that  critical  machines 
in  the  m/C/II/CV/n  problem  are  critical  machines  in  the  m/V/II/CV/n/RD  prob- 
lem. As  such,  no  index  between  adjecent  feasible  indices,  even  in  the  m/V/II/CV/n/RD 
problem,  can  define  longest  paths  in  the  network.  Because  of  this,  the  conjecture  can 
be  made  that  Search  Algorithm  m/V/II/CV/n/RD  finds  the  optimal  solution  to  the 
m/V/II/CV/n/RD  problem. 

No  proof  of  optimality  is  given  for  the  Search  Algorithm  m/V/II/CV/n/RD.  Be- 
cause of  this,  a branch  and  bound  procedure  is  provided.  However,  solving  this  prob- 
lem using  a branch  and  bound  procedure  can  be  cumbersome  and  time-consuming. 
At  each  step,  a non-linear  program  must  be  solved.  Because  of  the  large  variable  set, 
many  nodes  must  be  enumerated  before  the  optimal  solution  is  found.  These  prob- 
lems may  be  alleviated  with  the  selection  of  a good  upper  bound  and  good  branching 
rules. 

For  this  problem,  only  fifty  problems  are  solved  using  the  branch  and  bound 
procedure  given  in  Section  4.1.  These  problems  were  solved  by  solving  a series  of  non- 
linear programs  in  GAMS.  For  all  fifty  problems.  Search  Heuristic  m/V/II/CV/n/RD 
gives  the  optimal  solution.  As  a topic  for  further  research,  this  branch  and  bound 
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procedure  can  be  implemented  such  that  it  can  be  used  to  test  a large  set  of  problem 
instances. 

For  any  branch  and  bound  procedure,  a good  upper  bound  is  useful.  One  obvious 
upper  bound  for  this  problem  is  the  solution  to  the  m/C/II/CV/n  problem.  This 
problem  is  a special  case  of  the  m/V/II/CV/n/RD  problem;  it  can  be  viewed  as  the 
m/V/II/CV/n/RD  problem  where  no  recombining  of  sublots  is  allowed.  As  such,  the 
solution  to  the  m/C’/lI/CV/n  is  an  upper  bound  to  the  m/V/II/CV/RD/n  problem. 
However,  a better  upper  bound  exists.  The  heuristic  procedure,  as  mentioned,  has 
given  the  optimal  solution  to  every  problem  tested.  Since  this  is  the  case,  it  appears 
that  the  solution  obtained  from  this  heuristic  serves  as  a very  tight  upper  bound  for 
the  problem. 

5.4  m/V/II/CV/n/RA  Computational  Results 

As  with  Search  Algorithm  m/V /II/CV/n/RD,  Search  Algorithm  m/V/II/CV /2/RA 
is  very  successful  at  providing  optimal  solutions  to  the  m/V/II/CV/2/RA  problem. 
However,  conclusive  results  do  not  exist  for  any  general  m/V/II/CV/n/RA  search 
algorithm.  This  is  due  to  the  fact  that  the  optimal  solution  for  all  of  the  test  prob- 
lems to  the  m/V/II/CV/n/RA  problems  with  n > 2 resulted  in  consistent  sublot 
solutions.  When  a non-consistent  sublot  solution  was  obtained  for  this  algorithm, 
the  number  of  sublots  in  the  problem  was  2.  When  this  occured.  Search  Algorithm 
m/V/II/CV/2/RA  gives  the  optimal  the  solution  to  the  problem.  To  ascertain  more 
about  this  problem,  a different  set  of  test  problems  that  do  not  always  give  consis- 
tent sublot  solutions  for  this  version  of  the  problem  when  n > 2 must  be  generated. 
Thus,  another  research  topic  is  finding  instances  of  this  problem  that  yields  non- 
consistent  sublot  solutions  to  this  problem  when  n > 2.  Table  5.4  compares  the 
computation  time  of  Combinatorial  Algorithm  m/V/H/CV/2/RA  and  Search  Algo- 
rithm m/V/H/CV/2/RA  using  the  test  problems  given  above.  As  expected,  when 
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Algorithm 

Ave.  CPU  TIMES  in  milliseconds 

4 Machines 

5 Machines 

10  Machines 

20  Machines 

Combinatorial  Alg. 

10 

10 

21 

54 

S.  Alg.  m/V/II/CV/2/RA 

9 

10 

11 

16 

Table  5.4.  Comparison  of  m/V/II/CV/2/RA  Solution  Procedures 

the  number  of  sublots  in  the  problem  increases,  the  time  needed  to  solve  the  problem 
using  Combinatorial  Algorithm  m/V/II/CV/2/RA  is  longer  than  the  time  needed  to 
solve  the  problem  using  Search  Algorithm  m/V/II/CV/2/RA.  Again,  only  a limited 
number  of  instances  of  the  m/V/II/CV/2/RA  problem  was  solved  using  the  branch 
and  bound  algorithm.  This  was  not  done  since  an  alternative  optimal  algorithm  for 
the  problem  exists. 


CHAPTER  6 


CONCLUSION 

In  this  dissertation,  the  continuous  version  of  the  lot  streaming  problem  is  dis- 
cussed. Basic  results  are  given  about  the  2/C/II/CV/n  and  3/C/II/CV/n  problems. 
These  problems  are  solved  by  Baker  [1]  and  Glass,  Gupta  and  Potts  [4],  respectively. 
Also,  in  this  dissertation,  the  m/C/II/CV/2  problem  is  solved.  Several  solution  pro- 
cedures are  provided  for  the  problem.  One  such  algorithm  is  an  0{m)  algorithm 
that  is  derived  by  viewing  the  m/C/II/CV'/S  problem  as  a two  variable  LP  prob- 
lem. Although  an  optimal  0{m)  algorithm  is  given  for  the  problem,  an  0{m^)  is 
also  provided  since  it  gives  insight  into  the  solution  of  the  m/C/II/CV/n  problem. 
The  0{m^)  is  obtained  using  the  network  interpretation  of  the  problem.  In  addition, 
optimal  algorithms  for  the  m/C/II/CV/3  problem  are  provided.  The  development 
of  the  algorithms  for  the  m/C/II/CV/3  problem  also  provide  further  insights  into 
the  solution  of  the  m/C/II/CV/n  problem.  From  the  observations  obtained  through 
studying  the  m/C/II/CV/2  and  the  m/C/II/CV /3  problems,  two  optimal  procedures 
are  provided  for  the  m/C/II/CV/n  problem.  The  second  of  these  solves  the  problem 
in  0{m^  mn)  operations.  It  first  identifies  a longest  path  in  the  network,  minimizes 
it,  then  updates  it  with  a shorter  longest  path  if  one  exists.  Whenever  a shorter 
longest  path  can  not  be  located,  the  algorithm  terminates  with  the  incumbent  min- 
imized longest  path  as  the  optimal  solution  to  the  m/CV/II/C/n  problem  and  the 
sublot  sizes  that  give  this  longest  path  as  the  optimal  sublot  sizes. 

In  addition,  two  versions  of  the  variable  sublot  lot  streaming  problem  are  pre- 
sented. In  the  first  of  the  problems,  refered  to  as  the  m/V/II/CV/n/RD  problem. 
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a sublot  can  be  partitioned  while  it  is  being  processed  on  a machine.  If  another 
sublot  downstream  needs  a portion  of  a sublot  that  is  being  processed,  the  portion 
that  has  completed  its  processing  on  the  upstream  machine  is  sent  downstream.  An 
0{m?  + mn)  heuristic  procedure  is  also  provided  to  solve  this  problem.  The  heuristic 
is  based  somewhat  on  the  polynomial  algorithm  given  for  the  m/C/II/CV/n  problem. 
In  the  other  version  of  the  problem,  refered  to  as  the  m/V/II/CV/n/RA  problem, 
a sublot  must  complete  its  processing  on  a machine  before  it  can  be  partitioned  or 
sub-divided.  An  algorithm  and  heuristic  are  provided  for  this  problem.  It  is  shown 
that  the  heuristic  is  efficient  and  solves  all  problems  tested  optimally.  This  problem 
is  posed  here  for  the  first  time.  Also,  the  formulations  of  these  problems  presented  in 
this  dissertation  are  original  and  appear  here  for  the  first  time. 

It  is  also  shown  that  these  problems  can  be  solved  using  a branch  and  bound 
algorithm.  Since  a non-linear  program  needs  to  be  solved  at  each  node  of  the  branch 
and  bound  algorithm,  it  is  not  very  practical  for  problems  of  reasonable  size.  To 
avoid  this  difficulty,  polynomial  time  heuristics  that  provide  very  good  solutions  are 
provided  in  this  dissertation.  Testing  was  done  on  the  algorithms  and  heuristics 
obtained  for  the  variable  sublot  problems.  The  tests  show  that  the  algorithms  are 
robust  and  provide  very  good  indications  that  the  problem  can  be  solved  using  the 
heuristics  in  lieu  of  the  branch  and  bound  procedure.  In  particular,  it  is  shown  that 
the  heuristics  provided  for  the  m/V/II/CV/n/RA  and  m/V/II/CV/n/RD  problems 
provide  efficient  and  accurate  solutions  for  their  respective  problems.  Thus,  overall, 
in  this  dissertation,  very  robust  and  efficient  procedures  are  provided  for  consistent 
and  variable  versions  of  the  lot  streaming  problem. 


APPENDIX  A 


PROOF  OF  LEMMAS 


In  this  appendix,  proofs  of  the  lemmas  given  in  Section  3.4.3  are  provided.  These 
lemmas  are  used  to  prove  that  Algorithm  D is  optimal.  They  are  also  used  to  prove 
general  properties  of  feasible  indices. 

Lemma  3 If  index  p is  a feasible  index  such  that  p q,  then  index  q is  a feasible 
index. 


Proof:  Let  index  p be  a feasible  index  such  that  p —y  q.  Assume  that  p < q.  Because 
index  p is  a feasible  index,  the  following  inequality  is  valid  for  some  2 


T{i,p-l)  T{p,j-1) 

\ 2:  \ 


T{i  + l,p)  T{p+l,j) 

for  i < p < j.  Also,  because  p q,  and  p < q,  the  following  equation  is  satisfied. 


(A.l) 


. fr(p,j-i)i  _r(p,g-i) 

™Ur(p  + i,;)/  t(p  + i,9) 


(A.2) 


where  q is  the  smallest  value  of  j for  which  Equation  A.2  is  valid.  This  implies  that 


T{p,q-  1)  ^ Tjp,j  - 1) 
T{p+l,q)  ~ T{p+lJ) 


for  q < j.  This  equation  gives 


T{p,q-  l)T(p+  l,j)  < T(p+  l,9)T(p,i  - 1). 


Subtracting  T(p,q  — l)r(p+  1,^)  from  both  sides  of  this  inequality  gives 


T{p,q-  l)T{q+  l,j)  < T(p+  l,q)T(q,j  - 1). 
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This  last  inequality  gives 

T{p,q-l)  ^ T{q,j  - 1) 

T{p  + l,q)-  T{q+lJ)  ^ 

for  q < j. 

In  addition,  by  Equations  A.l  and  A. 2 

T{i,p-  1)  ^ T{p,q  - 1) 

T{i  + l,p)  ~ T(p+  1,9) 

for  i < p.  Using  an  argument  similar  to  the  one  given  above,  the  following  result  is 
obtained  from  the  preceding  inequality, 

^ T[p,q-l) 

T(i  + l,q)  T{p+l,q) 

for  i < p. 

From  Equations  A. 3 and  A. 4 some  2 = T(p,q  — l)/T(p  + 1,9)  exists  such  that 

T{hq-l)  ^ T{qJ  - 1) 

T{i  + l,q)  - - T{q  + lJ) 

for  i < q < j.  As  a result,  index  9 is  a feasible  index.  A similar  argument  holds  true 
for  9 < p.  □ 


Lemma  4 Let  index  p be  a feasible  index  such  that  p q,  then  no  index  j,  p < j < q 
for  p < q,  or  q < j < p for  q < p can  be  a feasible  index. 


Proof:  Assume  p < q Since  p is  feasible  index  and  p ^ q.,  z exists  such  that 


T(i,p-  1)  ^ ^ T{p,j  - 1) 

T{i  + l,p)  ~ ^ ~ T{p+l,j) 

for  i < p < j where 

. T{p,q-1) 

P<?  \T(p+  1,;)/  T(p,9-  1)  + r(p,9-  1) 

with  9 being  the  smallest  index  that  satisfies  this  equation.  As  a result,  for  p < j < q, 

T{p,q~  1)  ^ T{pJ  - 1) 

T{p+l,q)  ~ T{p+ljy 
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This  can  be  rewritten  as 


T(p,q-  l)T(p  + l,j)  < T{pJ  - l)T{p+l,q) 
which  can  in  turn  be  rearranged  to  get 

T{j,q-  l)T(p+lJ)  < T{pJ  -l)T{j  + l,q). 

This  last  expression  can  be  used  to  obtain  the  following  expression 

T{j,q-  1)  ^ T{p,j  - 1) 

T{j  + l,q)  ~ T{p+  l,j) 

\fj  such  that  p < j < q-  However,  this  contradicts  the  definition  of  feasibility  for  index 
j.  Thus  index  j can  not  be  a feasible  index.  As  a result,  index  j can  not  be  a feasible 
index.  A similar  argument  exists  for  q < p.  a 


Lemma  5 If  index  i is  a feasible  index  such  that  i — > j then  j 


Proof:  Let  i be  a feasible  index  such  that  i j,  then  either 

T{i,k-1)\ 


f>f  [Tii  + \,k)  j T{i  + l,j) 

if  ^ < j where  j is  the  smallest  index  for  which  this  equation  is  satisfied  or 

iT{k',t-i)]  _ 
f'<f\T{k’  + l,i)i  T{j  + l,i) 

if  i > j where  j is  the  largest  index  for  which  this  equation  is  satisfied.  Also, 
index  i is  a feasible  index,  the  following  inequality  is  valid 

T{k',i-l)  T{i,k-1) 

T{k'  iii)  T{i  i,k) 

where  k'  < i < k. 

Assume  i < j.  From  Equation  A. 5, 

T{i,j  - 1)  T{i,k  - 1) 


(A.5) 


(A.6) 

because 

(A.7) 


for  i < k < j. 
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This  gives 


T{t,j  - l)T{i  + l,k)<  T{t,  k - l)^(^  + l,j) 


which  leads  to  the  expression 


-T{iJ  - l)T{k  + 1,  j)  < -T{kJ  - l)T{i  + 1,  j) 


or 

T{kJ-l)  ^ T(zJ-l) 
T[k  + l,j)  ~ T{i  + 1,  j) 

Also,  from  Equations  A. 5 and  A. 7, 

T{k,i-  1)  ^ T{i,j  - 1) 
T{k-\-l,i)  r(i  + l,ji) 


for  i < k < j. 


for  k < i. 


(A.8) 


This  gives 


which  leads  to 


T{k,i  - l)T{i  + l,j)  < T{k  + l,i)T{i,j  - 1) 


T{k,j  - l)T{t  + l,i)  < T{k  + - 1) 


or 


T{k+l,j)  T{i  + lJ) 
Then  by  Equations  A.8  and  A. 9, 


(A.9) 


T{k  + l,j)  T{i  + l,j) 


Thus, 


max 

k<j 


iT{k,j-l)  \ _ T{t,j-l) 
\T{k  + i,j)i  T{t  + ijy 


which  implies  that  j — > E A similar  argument  exists  if  j < i.  □ 


Lemma  6 Let  index  p he  a feasible  index  such  that  p ^ q,  then  c^Cq  < 0 if  and  only 


if  machine  p is  a critical  machine. 
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Proof:  Assume  that  Cp  < 0 and  that  index  p is  a critical  feasible  index.  Then  from 
Definition  1 of  p being  a feasible  index,  the  following  is  true  Vj  > p and  V«  < p and 


some  2 

T{i,p-  1)  ^ ^ T{pJ  - 1) 

T{i  + l,p)  “ ^ “ T{p+\J)' 

Since  p q and  Cp  < 0, 

. f7'(p,i-l)]  T{p,q-l) 

" ”‘"\r(p+i,i)j  r(p,5-i)  + r(p, <,-!)• 

This  value  of  2 minimizes  the  current  longest  path  gives  the  following  value  for  Xi, 

r(p,9- 1) + T(p+ l,g)‘ 

From  Lemma  3,  we  know  that  index  g is  a feasible  index.  Now  assume  that  c,  < 0. 
Since  9 is  a feasible  index  and  c,  < 0.  By  the  same  argument,  there  exists  a 2 such 
that 

T{i,q-l)  ^ ^ T{q,j-\) 

- T(9+l,i) 

V^  < q and  Vj  > q and  such  that 


2 = min 
9<j 


T{q,J-l}] 

T{q+l,j)j 


Note  that 


T{p,q-  1) 


Xp  = — /y— , ^ ^ < Xq. 


T{p,q-l)  + T{p+l,q) 

Now  since  machine  p is  critical,  the  minimum  makespan  M*,  as  given  by  the  B&P 

Algorithm,  is 

T{p,q-l) 


M*  ^ MP  = 


[T{l,p-  1)  - T(p+  l,m)]  + T{p,m). 


T{p,q-  1)  + T(p+  l,g) 

This  expression  for  the  minimum  makespan  can  be  rearranged  to  yield  the  following 
expression 

T{p,q-  1) 


M*  = A/P 


T{p,q  - 1)  + T{p+l,q) 


[T{l,q-  1)  - T{q  + l,m)]  + T{q,m). 
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However,  the  makespan  obtained  by  choosing  machine  g as  a critical  machine  is 
M‘^  = Xg[T{l,q  - 1)  - T{q  + l,m)]  + T{q,m). 

Since  Xq  > Xp  and  c,  = — 1)  — T(^  + l,m)]  < 0,  the  following  expressions  result 

Xq[T{l,q-  1)  - T’(^+  l,m)]  < Xp[T{l,q-  1)  - T{q+  l,m)] 

Xq[T{l,q-  1)  ~T{q  + l,m)]  + T{q,m)  < Xp[T{l,q~  1)  - T{q+  l,m)]  + T{q,m) 

M*  = M^  > 

which  contradicts  the  assumption  that  machine  p is  critical.  Hence  if  Cp  < 0,  then 
c,  > 0.  A similar  argument  exists  for  Cp  > 0.  Now,  ii  p ^ q,  by  Lemma  5 q p.  Also, 
by  Lemma  4,  no  feasible  indices  i and  j other  than  the  critical  feasible  indices  can 
exist  such  that  i — > j and  j — > i.  Thus  index  p and  q is  the  only  pair  of  feasible  indices 
such  that  CpCq  < 0 with  p q.  Hence,  by  the  first  part  of  this  proof  and  Lemma  4, 
p and  q are  feasible  critical  indices.  □ 


Lemma  7 If  machine  p is  the  machine  with  the  largest  processing  time  such  then 
index  p is  a feasible  index. 


Proof:  Assume  that  machine  p is  the  machine  with  the  largest  processing  time  such 
that  Cp  < 0,  ti  < tp  Vz  < p and  tj  < tp  Vj  > p.  Since  T{p,j  — 1)  > 0 Vj>  > p and 
T{i,p—  1)  > 0 Vi  < p,  we  obtain  the  following  expression 

T{p,j  - 1), 


tj  tp  4“ 


“(tp  tj) 


r(i,p- 1) 

which  can  be  rearranged  to  obtain  the  inequality  below  < p and  > p 

T{i,p-  1)  T{pJ  - 1) 

T{i  + l,p)  T{p+lJ)' 


Now,  it  can  be  concluded  from  Definition  1 that  index  p is  a feasible  index.  Now 
assume  that  machine  p is  the  machine  with  the  largest  processing  time  such  that 
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Cp  > 0,  tj  < tp  Vj  > p and  < tp  yi  < p.  Since  T{p,j  — 1)  > 0 yj  > p and 
T{i,p  — 1)  > 0 Vi  < p,  we  obtain  the  following  expression 


tj  ^ tp 


T(P,J  - 1) 

T{i,p-  1) 


{tp 


ti) 


which  can  be  rearranged  to  obtain  the  inequality  below  Vi  < p and  Vj  > p 


T{i,p-  1)  T{p,j  - 1) 

T(i+l,p)  r(p+l,j)’ 

Now,  if  it  can  be  concluded  from  Definition  1 that  index  p is  a feasible  index.  □ 


Lemma  8 Let  machine  p he  the  machine  with  the  largest  processing  time  such  that 
its  index  is  a feasible  index,  then  if  Cp  < 0 no  index  i,  i < p,  can  be  a feasible  critical 
index  or  if  Cp  > 0 no  index  i,  i > p,  can  be  a feasible  critical  index. 


Proof:  Assume  that  Cp  < 0.  Since  Cp  < 0 and  Cj+x  > Cj  Vi,  c,-  < 0 Vi  < p.  For  any 
index  i,  i < p,  to  be  a feasible  critical  index,  an  index  t must  exist  such  that  i — »■ 
t with  Ct  > 0.  By  Lemma  3,  no  such  index  can  exist  since  the  existence  of  such  an 
index  would  contradict  the  fact  that  index  p is  a feasible  index.  Hence  no  index  i, 
i < p,  can  be  a critical  feasible  index  which  implies  that  machine  i,  i < p,  can  not 
be  a critical  machine.  Now  assume  that  Cp  > 0.  Since  Cp  > 0 and  c,q.i  > q Vi,  c,  > 0 
Vi  > p.  For  any  index  i,  i > p,  to  be  a feasible  critical  index,  an  index  t must  exist 
such  that  i — > i with  Ct  < 0.  By  Lemma  3,  no  such  index  can  exist  since  the  existence 
of  such  an  index  would  contradict  the  fact  that  index  p is  a feasible  index.  Hence,  no 
index  i,  i < p,  can  be  a critical  feasible  index.  □ 


Lemma  12  Machine  indices  1 or  m,  along  with  an  appropriate  set  of  machine  indices, 
always  help  define  longest  paths  in  the  network  representation  of  the  lot  streaming 
problem. 
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Proof:  When  ij  — 1,  Equation  3.83  is  undefined  and  there  is  no  lower  bound  on 
Zj.  However,  since  Xj  > 0 and  Xj^\  > 0,  the  ratio  of  these  sublot  sizes  must  also  be 
greater  than  zero,  or  Zj  > 0.  As  a result,  the  bounds  on  Zj  when  ij  = 1 is 


0<  Zj< 


T{ij,i'  - 1) 

T{ij  + 1,  i') 


for  j = 1, ...  ,n  — 1 and  ij  + \ < i'  < ij+i.  Likewise,  when  ij  = m.  Equation  3.85 
is  undefined  and  then  there  is  no  upper  bound  on  Zj.  As  a result,  the  bounds  on  Zj 
when  ij  = m is 

- 1) 

for  j = 1, . . . , n — 1 and  ij_i  < i < Zj  — 1.  In  both  of  these  cases,  the  upper  bound  on 
Zj  is  always  greater  than  or  equal  to  its  lower  bound.  This  being  the  case,  indices  1 
and  m can  always  be  members  of  the  set  /;  they  always  can  be  an  index  that,  along 
with  n — 2 others,  defines  a longest  path  in  the  network  representation  of  the  problem. 
(Because  ij  < ij+\,  for  j = 1, . . . , n — 2,  if  ij  = 1 then  ik  = 1,  for  k = 1, . . . , j — 1, 
however,  if  = m then  ik  = m,  k = j + 1, . . . , n — 1.)  If  * j = 1,  the  following  definition 
is  made 

T{i  + l,ij) 

and  if  ij  = m,  the  following  definition  is  made 


T{ij,i'  - 1)  ^ 

T{ij  + l,i')  ~ 


Using  these  definitions,  Equation  3.80  is  now  valid  for  ij  — \ and  ij  = m.  □ 
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